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Addition chains

(Horner’s scheme)

(А. Brauer’29)



Addition chains (2)

(P. Erdös’60)

(V.V. & D.V. Kochergin’17)

(A. Schönhage’75)
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Linear circuits

Complexity of a circuit = number of edges
Complexity of a matrix: L(A) = complexity of the minimal circuit

Complexity of a class of matrices: 
Depth of a circuit = length of the longest input-output path



Linear circuits (2)

(O.B. Lupanov’56)

(E.I. Nechiporuk’63)

(N. Pippenger’79)

(I.S. Sergeev’18)



Linear circuits (3)

(Pippenger’79)

(Sergeev’18)



Sierpinski matrices

(S.N. Selezneva;   J. Boyar, M.G. Find’12)

(S. Jukna, I. Sergeev’13)

(D. Chistikov, S. Ivan, A. Lubiw, J. Shallit’15)



Sylvester-Hadamard matrices

(D.Yu. Grigoriev’77, T.G. Tarjan’75;
S. Jukna, I. Sergeev’13)

(А.V. Chashkin’94)

(N. Alon, W. Maass’90)



Complexity lower bounds
Т.

(E.I. Nechiporuk’64;
N. Pippenger’80)

Т.
(N. Alon, 
W. Maass’90)

Т.

(D.Yu. Grigoriev’77; S. Jukna, I. Sergeev’13)



Extremal separations

(S. Jukna, I. Sergeev’13)

(P. Pudlák, V. Rödl’94;
S. Jukna’06)

(S. Jukna, I. Sergeev’21)

(N. Katz’11;  S. Jukna, I. Sergeev’13)

(T. Pinto’12)

(M. Find, M. Göös, M. Järvisalo,
P. Kaski, M. Koivisto, J. Korhonen’13)



Linear arithmetic circuits

complete basis:

basis:

complexity:

Т.

(J. Morgenstern’73)



Pascal matrix. I



Pascal matrix.  II
1. Matrix Cn has a submatrixM

with the determinant of order

for some c>1.

2.

(S.B. Gashkov’14)



Stirling matrices

- Stirling numbers of the first kind 

- Stirling numbers of the second kind 

Fact:



Stirling and Vandermonde matrices
1. Matrices sn and |sn| have submatrices with

determinants of order                    .

Vandermonde matrix:

2.

3.

(S.B. Gashkov’14)

(S.B. Gashkov’14)



GCD matrix

Fact.

- Euler totient function
(H. Smith’1875)

T. (S.B. Gashkov, I.S. Sergeev’16)

E – matrix of divisibility indicators:



GCD matrix (*)

E – matrix of divisibility indicators:

M – Möbius matrix:

Möbius inversion formula:



LCM matrix

- Jordan function

T. (S.B. Gashkov, I.S. Sergeev’16)

γ(k) – core of number k - unitary Möbius function

- matrix of unitary
divisibility indicators 



Discrete Fourier transform

(J. Morgenstern’73)

(J. Cooley, J. Tukey’65)

(P. Duhamel, H. Hollmann, J.-B. Martens, M. Vetterli, H. Nussbaumer’84)

(J. van Buskirk’04)

(I.S. Sergeev’17)


