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Addition chains

1,2,3,6, 7, 14, 28, 31 a=1, ap=a;+a,, i,j <k

A(n) — minimal length of an a.c. for n; A31) =7
A(n) > logyn

A(n) <logyn+v(n) —1<2log,n (Horner’s scheme)
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logy,
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(n) < log, ( )10g2 log n (A. Brauer’29)
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Addition chains (2)

| 1
- An) <logyn+ (1+4¢,) 9621

log, logn
log, n

2

for alm. all n (P. Erd6s’60)

2log, loglogn

En, O

n ~o

log, log 1 (V.V. & D.V. Kochergin’17)
2

A(n) > logyn + logy v(n) — 2.13 (A. Schonhage75)
The bound |log, n| + [log, v(n)] is achievable for any v(n).
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Linear circuits
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p;; = {number of paths connecting x; and y;}
SUM : (ZZO, +) Ali, j] = Pi.j
OR: (B, V) Ali, jl = (piy > 1)
XOR : (B, &) Ali, 7] = pij mod 2

Complexity of a circuit = number of edges
Complexity of a matrix: L(A) = complexity of the minimal circuit

Complexity of a class of matrices: L(M) = maxcp L(A)
Depth of a circuit = length of the longest input-output path



Linear circuits (2)

L(q,m,n) — complexity of the class of m x n matrices over [g]
Ls(q,m,n) — the same with the depth < d
Ly(q,m,n) = Ly(q,n,m) (since L(A) = L(AT)); further m <n

mmn

m = w(logn)

I—Q(Qama ?’L) ~ log na
2

L(2,m,n) ~ Ls(2,m,n), logm = o(logn) n
(O.B. Lupanov’56) BNy A

k ~ log,n — 2log,log,n — L§k2k0%+n.%

mn
L(2,m,n) ~ L3(2,m,n) ~ log, (mn)”
2

mn (E.I. Nechiporuk’63)

log,, (mn) (N. Pippenger’79)
L3(2, m, n) N

log,,n ~r &N

L(2,m,n) ~

mn

(L.S. Sergeev’18) log,(mn)



Linear circuits (3)

logn Lot ))), ri € N
log(mn) T T r3 Tk

| H
: L(Qaman) 2 3m10g3(q— 1) + (1 _5H) logH’

H = mnlog,q (Pippenger’79)
L(g,m,n) < 3mlogs(q — 1)+ (1 +ep) log H TN (Sergeev’18)

- loglog H — log log H
O < logH 7’ H ~ \/ logH

Ali,j]=0b-Dij-c", b=(1,3% 8% .. 30U =133 ..., 3"
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Sierpinski matrices

1 O ¢ 0
I 0 I 1 0 0 2. 0
D‘ — , D — D‘ - . g
2 L 1] Pt oo 2 {Dn Dn}
11 1 1
1

SUM(D,,) ~ OR(D,,) ~ §nlog2n
(S.N. Selezneva; J. Boyar, M.G. Find’'12)

n'1® < SUMy(D,) < n'=°
(S. Jukna, I. Sergeev’13)

7’L1'16 < ORg (Dn) < 7’L1'17
(D. Chistikov, S. Ivan, A. Lubiw, J. Shallit’15)



Sylvester-Hadamard matrices

0 0 0 0]
}b:{ooj P H%:{Elﬂﬂ
0 1 0011 H, H,
01 1 0]
2nlog, n < OR(H,) < SUM(H,) < 4nlog,n

V213% < ORy(H,) < SUMy(H,) < 2n3/?

(D.Yu. Grigoriev'77, T.G. Tarjan’75;
S. Jukna, I. Sergeev’13)
XOR(H,,) ~ 4n (A.V. Chashkin’g4)

00001111
H,=Ul'xUy; Us=]00110011

01010101
XORy(H,) <xnlogn  (N.Alon, W. Maass’90)



Complexity lower bounds
T. A — (k+1,l+ 1)-thin matrix =
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A
OR(4) 2 max{k, [}

(E.I. Nechiporuk’64;
N. Pippenger’80)
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1| XOR(S,) = nlog' ™M n

T. 7(A) —maximal area of a rectangle in A —

OR(4) > A

]
o T(A) Og3

|A| dlA| (1417
ORal4) 2 Tr) ( . )

(D.Yu. Gr1goriev’77; S. Jukna, I. Sergeev’'13)

T. A— n°Ramsey matrix, ¢ < 1

(N. Alon,

—> XOR3(A) = nlogn W. Maass’90)



Extremal separations

OR(4) ORs(4) . n  (P.Pudlik, V. R6dl'04;
XOR(A)" XOR5(A) ~ log*n S. Jukna’06)

SUM(A) . vn (M. Find, M. Goos, M. Jarvisalo,
OR(A) ~ logn P. Kaski, M. Koivisto, J. Korhonen’13)

SUMQ(A) 1 ’
“ (T. Pinto’'12)

ORy(A) = ogn
XOR, (A) > log loglogn (S. Jukna, I. Sergeev’13)
OR3y(A)
OR(A) n

OR(A) > o 1 (N. Katz’11; S. Jukna, I. Sergeev’13)
SUM A

(4) > pl/4—oll) (S. Jukna, I. Sergeev’21)

M(A)



Linear arithmetic circuits

A =

basis: B={r+y,x —y,2x}
Lg(A) =4

complexity:

complete basis: B, = {x

y=A-x
1 1 —1
2 2 0
12 -1

-yt U{az | a € R}

T. Bo ={zx+y}lU{az||a| < C}

Lp.(A) > logmax{Z,C} | det Al (J. Morgenstern’73)



Pascal matrix. 1
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Pascal matrix. II

' 1. Matrix C, has a submatrix M

with the determinant of order

n2

¢~ for some c>1.

= Lg,(C,) = ©(n°)

0. Tl 0 ... 0°
1 1 oo 0

C.=Ax | U o! x A1
1 1 N
L (n—1)!  (n—2)! 0!

A = diag(0!, 1-!, o (n=1)
= Lg_(C,) = O(nlogn) (S.B. Gashkov'14)



Stirling matrices

Sn :H an HO§k,m<na On :H Sf; HO§k,m<n

- Stirling numbers of the first kind

S% _ Stirling numbers of the second kind
st =gl _(k—1)s*! Sk Sk 1+ mSk_l,

m )

sg =55 =1, = =8 =5 =0 k>0




Stirling and Vandermonde matrices

1. Matrices s, and |s, | have submatrices with
determinants of order 2©(n”logn)
= Lp,(sn) X Lz (5n) = O(n*logn),

Lp,(|sn]) X Liz14}([8n]) = ©(n* logn)
(S.B. Gashkov'14)

Vandermonde matrix: Vi, = IIkm‘ ‘ng,m<n
n—1
2. detV, = | [ &t =26 en
k=1
3. V,=C,xAxS"
= Lp,(Va) < Liziyy (Vo) = O(n’logn),
Lg_(V,), Lg._(Sn), Le._(sp) = O(nlog2 n)
(S.B. Gashkov'14)



GCD matrix

GCD =|| gcd(s, k) ||
Fact. GCD = FE x ¢(D) x E*
E — matrix of divisibility indicators: F|i, k| = (k | )
D = diag(1,...,n), f(D)=diag(f(1),...,f(n))

¢(x) - Euler totient function

(H. Smith’1875)
= log, detGCD ~ nlog, n

T. (S.B. Gashkov, 1.S. Sergeev’16)
Lp,(GCD) ~ Ly n(GCD) ~ nlog, n



GCD matrix (*)

E — matrix of divisibility indicators: F|i, k| = (k | )

M — Mobius matrix: M [z’, k] — {,u

Mobius inversion formula: M= E 1



LCM matrix
LCM =|| lem(i, ) |
gcd(i, k) - lem(e, k) = ik
— LCM=DxEx J(D)x E"xD
J(k) = % ]| @-») - Jordan function

p€eP, plk

= log, detLCM ~ 2nlog,n

T. (S.B. Gashkov, I.S. Sergeev 16)

LCM = E x ¢(y(D)) x |6 (i/F) - T{+(i) = v(k)}|| x

x [Ux (D) x E'] x D
¥(K) — core of number k ﬂ*(k) — M(’Y(k))— unitary Mobius function
U[Z, ]{] — (/{‘7, A ng(/{7Z/]{) _ 1) - m.a’FI‘i.XOfunitary

divisibility indicators



Discrete Fourier transform

¢ — primitive root of order n in C DFT = ||¢*||

' detDFT =n"? = L§ (DFT) > (1/2)nlogyn

(J. Morgenstern’73)
DFTgr = 7 x (Ir ® DFTg) x D x (DFTy ® Is)
m — permutation matrix; D = diag{C*" |o<s<s,0<t<T}

n=2F: L% (DFT) < (3/2)nlog,n
B1( ) ( / ) 2 (J. Cooley, J. Tukey’65)

Ly (DFT) < 4nlog,n
(P. Duhamel, H. Hollmann, J.-B. Martens, M. Vetterli, H. Nussbaumer’84)

L. (DFT) < 3f-nlog,n  (J.van Buskirk’o4)

L}, (DFT) < 3.76875nlog, n  (I.S. Sergeev’1y)



