e
%

Algebralc method

.S. Sergeev, 202




Problem: compute (fast) an operator S : A — A

Solution: transition from a structure A to a structure B

A ! ~-B
S:T"DSIDT S Sf
T T
A~ B
T

Type I: A= B (change of representation; appropriate encoding)

Type II: purely algebraic method
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Standard representation C & R?*: x + iy — [z, y]:
€I; c C, T 4 X9 _ .”131:]:.".15'2 j I ) L9 _ T1To — Y1Y2 -
Yi Y1 Yo Y1 £ Yo Y1 Yo T1Y2 + Y12
Multiplication via the Karatsuba method:

[5131] _ [h] _ [ T1T2 — Y1Y2 ]
U1 Y2 (21 + y1) (22 + y2) — 2122 — 1112

Complexity: AC - ZA:{, M@ - 4M3§ + 2/433 or M(C = BM:{ + 51433.

Extended representation C — R>: = + iy — [z, y, x + y):

[T?-‘ [Tl-‘ [Tg-‘ [ﬁl + .“132-‘ [$ 1-‘ [Tg-‘ [ 1o — Y1Yo -‘
vi| € C; Y| |Y2| = |1 EY2 |, Y| | Y2| = (%122 — T1T2 — Y1Y2| -
i 28 I ) ) R 4 Y R R
Camplexity: AC — 3A3§, MQ — 3M:g + 4143; or M(C = 3M3; + 3A3§ + D;g.
Transition: RZ2 - R3: Ag; R? > R?: 0.
Complexity of abed : RQ . gMggg + 151433, Rg . QM;,@ + 13/4:{ + 3D5§.
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//Complexity and depth of circuits
circuits: 1 2 0V y=A-g

(& 1 1 -1

A=12 2 0
2 12 -1
Y5
basis: B={rz+y,x—y, 2z}

complexity = number of elements: Cp ( S ) —

depth = length of the longest input-output path: Dp(S) =

complexity (depth) of a function F = minimal
complexity (depth) of a circuit computing it:

CB(F)v DB(F)



Boolean matrix multiplication
R=({0,1},Vv,A): Z=XY  X,Y,Z e Rvn
Civnr(Z2) =2n° —n? (M. Paterson’75)

R— 7y : 0—0, 1—1

Lini1 — R : 0—0, 1,....n—1

Z'=X'Y": complexity Ciy 4 (Z') =nvtoW o < 2.38

T. Cu,(Z) Xlog’n - Cya(2") (1970s)



Integer multiplication — polynomial multiplication
A,B — n-bit numbers

Z-)Z[LE’] : [Ale] —>A1£E+A0, xr = /2
(A.A. Karatsuba’62)

[A""_lA’*‘"—Q T AO] — A’r—liﬂrp_l +...+Az+... + Ao, x = N/t
(A.L. Toom’63)

Interpolation:
Karatsuba method: Z[x] — Z*: F(x) — (F(0), F(1), F(0))
C(A - B) < nlog3

Toom’s method: Z[z] — Z*~': F(z) — (F(0),F(£1),...,F(£(r—1)))
r = 2@(\/@) — C(A B) <n- 20(\/@)



Integer multiplication — DFT

Z— Clal/( —1) = C : F(z) — (F(C), F(CY, ..., F(¢-1))

C(A-B) <nlogn -loglogn -logloglogn...
(A.A. Karatsuba’67; A. Schonhage, V. Straf3en’71)
7 — Zo, [2]/(z*" —1), ®,=22"+1
C(A-B) <nlogn -loglogn (A. Schonhage, V. Straf3en’71)
Z— Gylyl/(y*" = 1), Cp=Clz]/(z* + 1)
C(A- B) < nlogn -20U"n) (M. Fiirer’07)
Z — Cylxy, ... xq|/(xf =1, )" — 1)

C(A-B) <nlogn (D. Harvey, J. van der Hoeven’19)



~— DFTover field of complex numbers

linear basis: AN ={rx+y}U{ax|a € F}

Cooley—Tukey scheme: DFTpg = [Q DFTp] o [@ (V] o [Q DFTg]
N=2F:  Cue(DFTy) < 1.5Nlog, N (J.Cooley, J. Tukey'65)
—  Cue(DFTy) <5Nlog, N (Ac =24z, Sc = 35k + 34z)

split-radix FFT: Car(DFTy) < 4N log, N
(P. Duhamel, H. Hollmann, J.-B. Martens, M. Vetterli, H. Nussbaumer’84)

(.’L‘l, Ce ,.’L'N) — (01-’1?1: Cee CTN.QTN)
Car (DFTy) < 3LN log, N (J. van Buskirk’o4)

Scl£l + ai; a 1] = 25k + 2Ax
0; = Hi:_>0 max { }

Car(DFTy) < 3.76875N log, N 05 =1 (I.S. Sergeev’'17)

Ao 4 e 4lony
COS —iN S1n —1N
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> Integer mMon depth

a0b3 aobg aobl aobo

O S R o
asbs asby asb; asby
Parallel addition of n bits AeBeak
method of compressors (1960s): l C é Al
compressor (CSA): A+B+C=X+Y, depth O(1) =
Dp,(A-B) <Dg,(x1+...4+x,) +log,n Y Z

Dp,(x:1+ ...+ :l?n) < 3.71log, n (M. Paterson, N. Pippenger, U. Zwick’'92)
encoding: z — (z¥,y"Y, 2", y"), z=xz"Vy', x=z"-y"
Dp,(z1+ ...+ z,) < 3.44log, n (M. Paterson, U. Zwick; E. Grove’93)
L — Lox X Ly, 2F-3'>n

D < 3.34logy, n . 3.02 log, n (LS. Sergeev’13-16)
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/Depth of addition modulo 7
Dy binary representation (bs, by, by); )
: . 1, =k
alternative representatlon (S0,81,...,8) Sp(x) =<
0, z + k

:r: + y \/ 81" * Sk—r mod 7(9)

= Dp,(x1+ ...+ 2, mod 7) <4log,n
(Dp,(z1+ ...+ z,mod 7) < Dp,(x1+ ...+ z,) < 3.02log, n)

Z7 — GL(3,79) C Z5°° (D. van Leijenhorst’87)
matrix representation: ;

- P : hie(z +y) = @hz‘j(ﬂi) -k (y)

hll th h13 Jj=1

hot hoo hos = Dpg, (1 +...4+ 2, mod 7) < 3log,n + O(l)

h31 hzy hsg ... D<293log,n+ O(1) (I.S. Sergeev’16)



/O/pen research directions

Matrix multiplication: group-theoretic approach
(H. Cohn, C. Umans’o3 ...)

CV" > AT lagll = Y agsty’, bl = D bt legll = D ciyesiug”
i i i
S, T,U C G, S={s1,.-.,sn}, T={ty,...,t,}, U=Auy,...,u,}

. —1 -1 _ —1
vi’j’k’g . S@‘tj tkul — Sl

ClG] = Chxdr x ,,, x Chrxdr

Multiplicative rank of multiplication in GF(q®) over GF(q):
(Chudnovsky brothers’88; S. Ballet, R. Rolland etc. ... )

GF(¢") X% G~ (GF(9)",®), r=0(n)



