
Correction to the proof of Theorem 1.

In the proof of Lemma 1, the inequality µ(Mpk

d,n) ≤ 3µ(Mpk−1

d+1,n+p) is not
justified. Here, we propose an alternative proof of the lower bound of The-
orem 1: for any odd constant d ≥ 3, it holds that µ(Mn, d) � ndd/2e. It
generalizes the argument of Theorem 2.

Proof. Consider an arbitrary (generic) arithmetic circuit with s nonscalar
multiplication gates. Let it compute some polynomial f of degree ≤ d.

Denote by u1, u2, . . . , us polynomials computed in multiplication gates in
the order of computation. It means that each uk is a product of two linear
combinations of 1, x1, . . . , xn, u1, . . . , uk−1. Then f is a linear combination of
1, x1, . . . , xn, u1, . . . , us.

For a polynomial g, let g[k] denote its degree-k homogeneous component
(consisting of all its degree-k monomials)1. Therefore, g = g[0] + g[1] + . . . +
g[deg g]. Also, denote g[l..r] =

∑r
i=l g

[i].
I. We will check by induction that for dd/2e ≤ k ≤ d,

u
[k]
j =

k∑
t=dd/2e

j−1∑
i=1

aj,k,t,i · vi,t + vj,k, (1)

where aj,k,t,i are degree-(k− t) homogeneous polynomials, and vj,k is a homo-
geneous degree-k component of a product aj · bj of two polynomials of degree
< dd/2e.

Induction base. Clearly, u1 is a product of linear polynomials, hence, for
j = 1 we have the sum empty and can set v1,k := u

[k]
1 .

Induction step from j to j + 1. Write

uj+1 = AB, A =

j∑
i=1

αiui + a, B =

j∑
i=1

βiui + b,

where αi, βi ∈ C and deg a, b ≤ 1. Set

aj+1 := A[0..bd/2c], bj+1 := B[0..bd/2c].

1Further, speaking about a degree-k homogeneous component, we conventionally de-
clare its degree to be k even in the case of all zero coefficients.
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We can write

u
[0..d]
j+1 =

 d∑
t=dd/2e

j∑
i=1

αiu
[t]
i + aj+1

 d∑
t=dd/2e

j∑
i=1

βiu
[t]
i + bj+1

 =

= (aj+1bj+1)
[0..d] +

d∑
t=dd/2e

j∑
i=1

ai,tu
[t]
i , deg ai,t ≤ d− t,

since products u
[t]
i u

[t′]
i′ with t, t′ ≥ dd/2e cannot contribute to homogeneous

components of uj+1 of degree ≤ d.
Setting vj+1,k := (aj+1bj+1)

[k] and applying (1), we further obtain for
dd/2e ≤ k ≤ d the representation

u
[k]
j+1 = vj+1,k +

k∑
t=dd/2e

j∑
i=1

a
[k−t]
i,t

 t∑
t′=dd/2e

i−1∑
i′=1

ai,t,t′i′ · vi′,t′ + vi,t

 ,

which has (after combining similar terms) the required form (1).
II. As a consequence,

f [d] =
d∑

t=dd/2e

s∑
i=1

ci,t · vi,t, vi,t = (ai · bi)[t]

where ci,t are degree-(d− t) homogeneous polynomials.
Thus, the coefficients of the degree-d component of an arbitrary poly-

nomial computable by a circuit of multiplicative complexity s can be alge-
braically parameterized by the coefficients of the polynomials ci,t, ai, and

bi, where i = 1, . . . , s and t = dd/2e, . . . , d. Seeing that
∑d

t=dd/2e ci,t fills a

complete polynomial of degree < dd/2e, in total there are s · 3
(
n+bd/2c
bd/2c

)
≤

3s(n+ 1)bd/2c such complex parameters.
The number of parameters must be at least as large as the number of

coefficients,
(
n+d−1

d

)
≥ nd/d!, in a homogeneous component of degree d. Oth-

erwise, the latter coefficients would be algebraically dependent, and it would
not be possible to represent every polynomial in Mn,d. Therefore,

µ(Md,n) ≥
Cd

n+d−1

3(n+ 1)dd/2e−1
&
ndd/2e

3d!
.
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