FAST FOURIER TRANSFORM ALGORITHMS!

S. B. Gashkov, I. S. Sergeev (Moscow)

The paper deals with fast algorithms for discrete Fourier transform in some
rings and their application to the multiplication of polynomials. The algo-
rithm’s performance measure is its complexity, defined as the number of binary
operations of addition, subtraction, multiplication, as well as operations of mul-
tiplication by ring constants.

1. Discrete Fourier transform

Let K be a commutative ring with unity?. An element ¢ € K is called
a primitive oot of order N € N if (N = 1, and none of the elements ¢N/? — 1,
where p is a prime divisor of N, is a zero divisor in K. (Recall that an element a
is a zero divisor if there exists a nonzero element b such that ab = 0.)

The discrete Fourier transform (DFT) of order N is the (KV — KW)-
transform

N—-1
DFTN,C[K](’YUM~-7’YN71):(767"%7]}:/71)7 V;: Z%‘CU7 (1)
=0

where ( is a primitive root of order N.
The fundamental property of the DFT is stated as follows:

Lemma 1. Let elements v} be determined from (1). Then

DFTN7C71 [K](V(\;(? . 7’7;/'—1) = (NfYOa ) N"YN—I)7
where N on the right-hand side of the formula is the sum of N units of the ring.

Before we proceed to the proof of the lemma, we establish several auxiliary
facts.

Note that if a € K is not a zero divisor, and a = cd, then the factors ¢ and d
are also not zero divisors. Indeed, if, say, ce = 0 and e # 0, then ae = (ce)d = 0,
which implies that a is a zero divisor.
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Therefore, throughout the text, the ring should also be considered associative.



Lemma 2. If { is a primitive root of order N, then for anyl=1,... , N —1,

N—-1
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Proof. Consider the expansion
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From the definition of a primitive root it follows that N is the minimal natural
exponent n for which ¢ = 1, therefore ¢! — 1 # 0. Consequently, either ¢! — 1
is a zero divisor, or Zfigl ¢ = 0. We will show that the first is impossible.
Let m = GCD(l, N). As is known, there exist integers ¢, s such that m =
gl + sN (these numbers ¢, s are called Bezout coefficients), and we can assume
that ¢ is positive. In this case, (™ — 1 = (% — 1 is divisible by ¢! — 1. On
the other hand, since m < N, there exists a prime p such that m | (N/p).
Then (¢™ — 1) | (¢N/P — 1). Finally, we have (¢! —1) | (¢V/? —1). Since
N/P _1 is not a zero divisor, ¢! — 1 cannot be a zero divisor as well. Therefore,
SN =o. O
Proof of Lemma 1. In the vector DFTy -1 [K](vg,...,7a—_1) consider an
arbitrary j-th component:

N-1 —1N-1 N—-1N-1 N-1 N—-1
PIEHS ”—Zch’“c ”—ZZW’”)—Z > ()
=0 i=0 k=0 k=0 =0 = =0

The inner sum, as follows from Lemma 2, is zero in all cases except for the case
k—j = 0, when this sum is N. Therefore, continuing the calculation, we obtain
N+;, as required. O

As a consequence, we obtain that if N =14 ...+ 1 € K is invertible, then
the inverse DFT transform is defined:

DFT . [K] = N"'DFTy -1 [K].

2. Polynomial interpretation of the DFT
Consider a polynomial I'(x) = vo + ...+ ynx_12V~1. Then, by definition,

DFTn ¢ [K](70,---,YN=1) = (F(CO)7 o 7F(CN_1)> ,



i.e., the DFT evaluates the polynomial I'(z) at the points ¢*. The meaning
of the inverse transform DFT]_V}C [K] is to restore the coefficients of a unique
polynomial of degree less than N that has a given set of values at the points
CO7 A ,CNil'

Formally, the relationship between the DFT and interpolation is described
by the following lemma:

Lemma 3. The transform DFTy([K] defines an isomorphism:
K[z]/(zN - 1) - K.

Proof. The bijectivity of the mapping follows from the fact that a polynomial
of degree no greater than N — 1 is uniquely determined by its values on a set
of N distinct points.

Let us verify that the DFT preserves the operations of addition and mul-
tiplication: in the ring K[z]/(#" — 1) these operations are performed as with
ordinary polynomials, only with subsequent reduction modulo %V — 1, in the
ring K the operations are performed componentwise.

Indeed, the value of the sum of the polynomials I'1 (z) +'2(x) at some point
coincides with the sum of the values of each of the polynomials at this point.
Representing the product of the polynomials in the form Q(z)(z™ — 1) + R(z),
where R(z) is the remainder of division by ™ — 1, we see that the product is
mapped into a product, since

T (¢Na(¢7) = Q)N = 1) + R(¢) = R(¢7) = (TiT2 mod (2 —1))(¢7).
O
The above isomorphism leads to an efficient way of multiplying polynomials

over K.

Theorem 1. Let DFTy ¢[K] and its inverse be defined over a ring K. Then
the multiplication of two polynomials of total degree at most N — 1 over K can
be performed using two transforms DF Ty ¢[K], one DFTR,}C K], and N multi-
plications in K.

Proof. Denote the polynomials to be multiplied by A(z) = > a;2* and
B(z) = > b;z'. Compute the vectors

(CLS7 RN ,a*N_l) = DFTNyc[K](ao, ce 7G'N—1);
(b5, . b _1) = DFTx ¢ [K](bo, - .., bx_1).

Then the coefficients of the polynomial C(x) = > c¢;z' = A(z)B(z) due to
C(z) = C(z) mod (z — 1) can be determined as

(COa RN} CN—1) = DFTE}C[K](aébév IR a*N—lbx](V—l)v



whence the assertion of the theorem follows.

3. DFT computation

Independent calculation of the DFT components by formulas (1) can be
performed in O(N?) operations of addition, subtraction, and multiplication by
constants in a ring K. For a composite number N, the following more efficient
method can be proposed.

First, note that if ¢ is a primitive root of order ST, then ¢° and (T are
primitive roots of order T and S, respectively (this can be easily verified directly
from the definition).

Lemma 4 (Cooley, Tukey [5]). A DFT of order ST is implemented using S
DFTs of order T, T DFTs of order S, and (S — 1)(T — 1) multiplications by
powers of ¢ — a primitive root of order ST.

Proof. For s=0,...,S—1andt=0,...,T — 1, write

ST—1 T-15-1
'7:T+t = Z ’YICI(STH Z Z ViS+j C(ZSH (oTHE) =
I=0 =0 j=0
T—-15-1 S—1
=D > s =N (Y O gy (2)
i=0 j=0 =0

where
]) t — Z ’Y’LSJr] CS

The obtained formula allows to perform computations in the following order:
a) For j =0,...,5 — 1, compute the vectors

(V3,00 Y610+ -2 VG r=1) = DFTr s [KI (35,4545 -+ > YT=1)545)-

b) Compute the products w ; = Cjt~’y(j)7t, 7=0,...,5-1,t=0,...,T—1.
¢) Note that

Vergt = Zw(t),j(CT)js-
This allows to finally find the components of the DFT by the formulas

(723 Vgts - 77?5_1)T+t> = DFTg o [K|(wt),0, W), 15+ - - Wt),5-1),



wheret =0,...,T — 1.

The assertion of the lemma follows immediately from the form of the op-
erations performed at steps a—c) if we note that among ST multiplications at
step b) there are S + T — 1 multiplications by ¢° = 1. O

Remark (Good, Thomas [6]). If S and T are relatively prime, then to
implement the DFT of order ST it is sufficient to perform S DFTs of order T
and T DFTs of order S, i.e., no additional multiplications are required.

Let F(N) = Fs(N) + Fo(N) denote the complexity of an order-N DFT
circuit constructed by the method of Lemma 4, where F4(N) is the number
of additive elements (additions and subtractions) in the circuit, and Fo (V) is
the number of scalar multiplications (i.e. multiplications by constants of the
ring K). In this case, the required circuits implementing DFT of prime orders
should be constructed separately.

It is easy to construct a circuit for the DFT of order 2, if it exists. The
components of the DFT are determined by the formulas

Y% =Y + 1, Y =" — 1,

since —1 can be taken as a primitive root of order 2. Therefore, we set
F(2) =2, Fa(2) =2, Fc(2) =0.

To calculate the complexity of an order-2* DFT circuit, where k > 1, we use
recurrence relations that follow from Lemma 4 with the choice of parameters
S=2t1and T =2

Fa(2F) = 2F4 (28421 FL(2), Fo(2F) = 2F0(2F 1) 4281 Fp(2)+2F 1 —1.
It is easy to check that these relations are resolved as

Fa(2b) = k2%, Fo(2%)=(k—2)2" 1+ 1. (3)
So, we proved

Theorem 2. A DFT of order 2% can be performed in k2F addition-subtraction
operations and (k — 2)28=1 + 1 scalar multiplication operations.

This bound is asymptotically the best known upper bound for the complexity
of a DFT of order 2*.

The complexity of the circuit for the inverse DFT of order 2* coincides with
the complexity of the “forward” DFT up to 2¥ multiplications by constants
27k, For k > 2, multiplications by 27* can be combined with multiplications
at step b).



The given algorithm is an example of the fast Fourier transform (FFT)
algorithm. In general, FF'T algorithms are understood as those algorithms that
imply reducing a DFT of composite order N to DFTs of orders of factors of V.
Sometimes the term FFT is applied to any algorithms of complexity O(N log N).

4. Real complexity of complex DFT

The situation when additive and multiplicative operations in a ring K cannot
be considered equivalent leads to the creation of special FFT algorithms. Let
us illustrate this on the example of the field of complex numbers C.

A complex number is usually represented by a pair of real numbers — real
and imaginary parts: z = x + iy. Let’s recalculate operations with complex
numbers into operations with real numbers. Complex addition (subtraction) is
equivalent to two real additions (subtractions). Complex multiplication can be
performed via four real multiplications and two addition-subtractions. In addi-
tion, to multiply by a constant, three real multiplications and three addition-
subtractions are sufficient.

For the above-described circuit for the complex DFT of order 2*, we obtain
the estimates F5(2F) < 3.5k2% for the number of real additions-subtractions
and F%(2%) < 1.5k2* for the number of real scalar multiplications, and in total
FR(2%) < 5k2F.

However, a better estimate can be derived if we note that it is advantageous
not to perform some multiplications in the algorithm of Lemma 4 immediately,
but to postpone them for the next stage of computations (implementation of
DFTs of order S). The well-known “split-radix” FFT algorithm is based on
such observation.

Theorem 3. A DFT of order 2¢ over C can be implemented via at most 3k2F
additions-subtractions and at most k2F multiplications in the field R.

Proof. By formula (2), in which S = 2¥=! and T = 2, compute only even
components of the DFT of order 2%, i.e., for t = 0. To do this, it is sufficient to
calculate one component v(;) o = v;j + ¥s+; of each of the 21 internal order-2
DFTs and implement the external DFT of order 2¢~1.

To calculate the components with odd indices, set S = 272 and T = 4 and
again apply formula (2). For each of 2*~2 inner DFTs of order 4, we need to
compute two components v(;) 1 and 7;),3. Each such pair, due to ¢% =i, can
be obtained by the formulas

Y6y = (“Yj - ’Y2S+j) + i(75+j - 73s+j),
Yi5).3 = (’Yj — V25+5) — i(’YS+j — Y35+



Since multiplication by =i is reduced to permutation of the real and imaginary
parts with a sign change for one of them, the calculation of one pair ;) 1, ¥,
by these formulas is performed in 8 real additions-subtractions. Finally, 2¢~!
multiplications by powers of ¢/ and two DFTs of order 2#~2 are performed.
For the number Fi (2%) of additions-subtractions and the number F%(2%) of
scalar multiplications in the constructed circuit we have the recurrence relations:

Fi(2%) < FR(251) +2F5(2"2) + 4.5 28,
FE(2Y) < FE(2FY) 4+ 2FB(242) + 15 25,
which, taking into account the initial data
Fi(2) = 4, FE(2) = 0, F§(4) = 16, FE(4) =0,

are resolved as promised. O

A more careful counting allows to obtain the complexity of the method in
the form: 3k2% — 3 -2 4 4 additions-subtractions and k2% — 3 - 2¥ 4 4 scalar
multiplications over R. This estimate was established no later than 1968, but
it was only in 2004 that van Buskirk discovered that it could be improved (see
the survey [3]). His method takes into account that multiplication by constants
of the form 4+1+ai or a =1 can be performed in two real additions-subtractions
and two real multiplications.

Theorem 4. A DFT of order 2¥ over C can be implemented using at most
(8/3)k2"% additions-subtractions and at most (10/9)k2% + 281 multiplications

mn R.

These coeflicients satisfy the properties of symmetry oy ; = ox,—; and peri-
odicity o j = 0y j4or—2, which follows from the known relations

Proof. For k € N and j € Z we define real coefficients

oy = Hmax{

1>0

4127

. 41271]'
in
ok

(¢0)] ok

)

sinx = —sin(—z), cosz = cos(—x),
) ™ ™m .
{‘sm (:E + 7) , |cos (x + 7)‘} = {|sinz|, | cos x|},

27i

where z € R, n € Z. Moreover, for a primitive root ( = e2¢ of order 2%,
(0k—2,j/0k )¢’ has the form +1 + ai or a % i, since

21y
COS , SN ZT

4 i o .
Cjzcosﬂ—&—isin ™) %:max{ -

2k 2k 7 Ok—2,5




We will construct circuits for transforms
(1)2"' (PYO? s 7721“—1) = DFTQ’“,C[C](U];%’YO? Uk_j’yh AR o'k_ék_l’-YQk—l)'

According to formula (2) with the choice of parameters S = 2¥=2 and T = 4
and the periodicity property of the coefficients oy, ;, for the components ¢; of
the transform @« the following holds:

S—1 3
Pas+t = 2(44)33 S U;;}V(j),m Yot = Z’WSH i
j=0 1=0

The components vy, t = 0,...,3, of each of 2k=2 order-4 DFTs can be com-
puted via 16 real additions-subtractions. Subsequent calculations for ¢t =0, 1, 3
are performed by the formulas

S—1
p1s = > _(CV00ily - (0h-2,5/0k5) - V300
7=0
S—1 ‘
pror1 = > (CV00 s (Ok-2,5/00,5)¢ V)1,

=0

S—1 .

pasta = ) (Yo, o (0nm2i ok ) 8-
j=0

These calculations involve 2¥~2 multiplications by real constants, 2¥~! mul-
tiplications by constants of the form +1+ai or a=+i, and three ®,x—2 transforms.
To compute the remaining components @442, apply formula (2) with pa-
rameters S’ = 273 and 7" = 8:
S'—1
P8s+2 = Z (oo, 3, (oh-3,/0%-1,5)(C*) '%J‘),%
j=0
S'—1

pssre = Y (Yol o (oksi/on1,)(C) V) 60
=0

where

7(3‘)2 = (kal,j/ak,j)ﬁ’(j)z + (kalijrS’/0k7j+S’)i'Y(j+S’),27
/
(

Ve = (Ok—1,5/0k,:)70).2 = (Ok—1,j+5 /O j+5)1V(+57),2-



Note that oy—1,; = 0r—1,j4+5/. These calculations are performed via 2k=2 mul-

tiplications by real or imaginary constants, 2°~2 multiplications by constants
of the form £1 + ai or a £ 1, and two ®,r-s transforms.

Thus, for the numbers F%(2*) of additive real operations and F%(2¥) of real
scalar multiplications, we have the following recurrence relations:

FE(2%) < 3FR(2872) + 2F(287%) + 6. 2,
FE(2%) < 3ER(2F72) + 2FE(283) + 2.5 28,

which, in agreement with the initial data for £ < 3 obtained by the previous
method, are resolved as

ER(2F) < (8/3)k2F,  ER(2%) < (10/9)k2".

It remains to notice that a circuit for the DFT of order 2% is completed from
a circuit for @, via 2% multiplications by real constants Ok, j- O

A more accurate account of the operations allows to refine the estimates of
Theorem 4 in the remainder term (see, e.g., [2]).

The complexity of the inverse DFT (up to multiplications by 27%, which
can be combined with internal multiplications) in both considered algorithms
is estimated in the same way as the complexity of the “forward” one, since
a primitive root ¢! is the complex conjugate of C.

Let us consider the case when a DFT is applied to a vector with real com-
ponents y; — this case is of interest when multiplying polynomials over R. It
turns out that the complexity of such DFT (we will call it real-input DFT) in
this case can be reduced by approximately half compared to the general case.

Note that if all 7; € R, then v§,_; = 'TJ* for any j, where v are determined
from (1) and ~ denotes the complex conjugation operation.

Lemma 5. A real-input DFT of order 4N can be implemented via a real-input
DFT of order 2N, a complex DFT of order N, TN addition-subtraction opera-
tions, and 3N scalar multiplication operations in R.

Proof. To determine the components ;, with even indices k = 2s, apply
formula (2), assuming S = 2N and T = 2:

2N—-1

Vo= D (V- (v + 2 4i)-
=0

These calculations are reduced to the computation of an order-2N real-input
DFT and 2N additions in R.



Among the components with odd indices, it is sufficient to compute only
Vist1> SINCE Vii13 = Vi(v_s_1)41- For this, apply (2) with parameters S = N
and T = 4:

=

Vist1 = ) (€7 (v = vaney + il — Yangs)-
7=0

To calculate the above components, it is sufficient to employ a DFT of order IV,
at most 2V subtractions in R, and N scalar multiplications in C. O

Another way to reduce a real-input DFT to a complex DFT of half the order
can be found in [1].

An analogous statement can be proved about the complexity of the inverse
real-input DFT — its input is a vector (yop,...,Yn—1) such that vy € R and
YN—; =7; forany j = 1,...,N — 1. We call such a transform a real-valued
DFT. A result similar to the one proved above holds for this DFT.

Lemma 6. A real-valued DFT of order 4N can be implemented via a real-
valued DF'T of order 2N, a complex DFT of order N, TN addition-subtraction
operations, and 3N scalar multiplication operations in R.

Proof. Applying formula (2) and the notation from Lemma 4 with the choice
of parameters S =2 and T = 2N, write

YVonsre =Wty + (=1)°wiy1 = v0) + (=1)°Cyvaye
where s =0,1and t =0,...,2N — 1,

2N-1 2N—-1

Y0),t = Z Y2:(C?)'E, Yyt = Z Yoit1(¢H)™.
=0 i=0

Given that the components w(;); are already computed, all 7; may be de-
termined in 4N real additions and subtractions.

The vector with components w(;) o = ¥(0),: is the image of the real-valued
DFT of order 2N, since it is applied to the vector (o, 72, .., Y2(2n—1)). To
compute w), 1, represent 7y, in form (2) with the choice of parameters S = 2
and T = N: o

Y1), N+t = '720),15’ +(=1) ¢* '7{1),:&/7
where s’ =0,1and t' =0,...,N — 1,

N—-1 N—-1
Yooy = 2, i€ Ay = D aiea(CH

1=0 1=0

10



Due to y4n—; = 7; we have

e N—1
Y = 3 Ao C) = 30 T )N =
=0 o

N—1
=(" Z a1 ((H) =Y SONE

/=0

Thus, the components w(;),; can be determined by the formulas:

W(Ns 4ty = 1° <Ct Yoyer + (=1)° ¢ m) )

ie.”,
wana =Re(2¢" o)), Wy, = —Im(2¢" () ).

To compute all w1, one DFT of order N and N multiplications in C are
sufficient. O

Resolving the recurrence relations following from the proved lemmas, using
Theorem 4 we conclude:

Corollary 1. Any of real-input and real-valued DFTs of order 2% can be per-
formed in (4/3)k2F+0(2%) addition-subtraction operations and (5/9)k2*+0(2F)
scalar multiplication operations in R.

5. DFT in extension ring

If a ring K does not contain roots of unity of an appropriate order, then it is
impossible to directly apply the method of Theorem 1 to multiply polynomials
over K. In the Schonhage—Strassen algorithm [7, 8] and similar ones, in such
a case it is proposed to use an extension Ko ,(z) = K[z]/(z%" + 1), provided
two is invertible in K.

In the ring K» ,,(z), the DFT of order 2"™! with primitive root z is defined
(here and below, instead of elements of the factor ring K ,, (), which are classes
of equivalent polynomials modulo z2" + 1, we will use polynomials that are
representatives of their classes).

Lemma 7. A DFT of order 2¥ over the ring Ka,(z), k < n+ 1, can be
performed in k28T addition-subtraction operations in K.

3As usual, Re z and Im z denote the real and imaginary parts of z € C, respectively.

11



Proof. Representing elements of the ring K ,, () by polynomials of degree at
most 2" —1, it is easy to see that addition or subtraction in Ks ,,(z) corresponds
to 2" additions-subtractions in the ring K, and multiplication by ™ — to
a cyclic shift of coefficients with a change of sign for some of them. Thus,
if the change of sign can be taken into account in subsequent calculations,
multiplication by powers of the primitive root x is implemented “free of charge”.
To complete the proof, it now remains to apply (3). O

To implement multiplication in K ,,(z), it is convenient to consider this ring
as an extension of some ring K ,,(y):

Lemma 8. Let m < n. There is an isomorphism

gn—m

Kon(z) = Ko (y)[z]/(z7  —y), (4)

generated by the substitution z2  =y.

Proof. The polynomial f(z) € Kj,(z) can be written as f(z) =

n

Z?:;m_l fi(2%""")a?, where deg f; < 2. The substitution 22"~ = y maps

f(x) to the polynomial Zfzg_l fi(y)z®. Assume f;(y) € Kom(y).
Obviously, the substitution generates a linear one-to-one mapping. It re-

mains to verify that this mapping preserves the product, and due to linearity,

the verification can be restricted to monic monomials. In the ring Ks , (),

2" M| 322" T M e 82" T M i (71)kxj42"_m+i3

x ,

where

i3 = (i1 +1i2) mod 2", J3 = ji +jo + (i1 +ig —d3) /2",
Ja = j3 mod 2™, k= (jz—ja)/2m.

gn—m

On the other hand, in the ring Ko ., (y)[z]/(z — y) it is also true that

yj1$i1 . yj2wi2 — yj3xi3 — (_1)k’yj4xi3.
Evidently, the results of both multiplications turn into each other upon substi-
tution y = 22" O

It is important to note that the considered mapping is performed by a simple
permutation of the coefficients. For example, the polynomial 2% + 222 — 1 €
K> »(z) corresponds to the polynomial yx + (2y — 1) € Ko 1(y)[z]/(z* — y).
Other isomorphisms can also be used to implement multiplication, see [3].

12



Theorem 5. Multiplication in the ring Ko, (z) can be performed using
3-2"n(logyn + O(1)) addition-subtraction operations, 3 - 27 +Mog2n1=1 it
plication operations, and 2™ scalar multiplication operations in K.

Proof. We apply (4) with the choice of parameter m = [n/2]. The multi-
plication of polynomials over Ky, (y) modulo 22"~ — y is performed as the
usual multiplication of polynomials of degree at most 2"~™ — 1 with subsequent
modulo reduction.

The multiplication is performed via three DFTs of order 27—™+1 = 2ln/2]+1
and 2L7/21+1 multiplications in the ring Ko 1 (y), where the inverse DFT is com-
puted up to a normalizing constant factor. The modulo reduction 22"~ —y is
implemented in 2™ additions-subtractions in K. Finally, the result is multiplied
by an appropriate power of 271

For the numbers p4(n) of additions and subtractions and pps(n) of non-
scalar multiplications in the proposed circuit for n > 2 we obtain the recurrence
relations:

pa(n) < 272% 0 (Tn/2]) + 3([n/2) + 12" + 27,
par(n) < 220500 (Tny/2]),

which are resolved exactly as promised if for n = 1 we apply the estimates
pa(l) =5 and pup(1) = 3. Otherwise, we can take pa(1) =2 and pp (1) = 4.
In the latter case the circuit will contain 27t1°g 7141 muyltiplications, but the
total number of operations will be somewhat smaller. O

These complexity bound is asymptotically the best known. Multiplication
of polynomials over K can now be performed by a circuit for multiplication in
a suitable ring Ko ,, ().

6. Application of DFT of order 3*

In a ring of characteristic 2, it is impossible to define a DFT of even order,
so the problem of constructing and efficiently implementing (in the ring itself
or in an extension) a DFT of odd order, preferably of order 3%, is relevant.
This problem is also actual for rings in which either there are primitive roots of
order 3*, or two is irreversible.

The components of the DFT of order 3 may be calculated by the formulas

Y% =Y+ +r2, N =r-—r2+Cn—72), 1% =7%—-1—C1—"2), (5)

where ¢ is a primitive root of order 3 in K. These calculations can be per-
formed in seven addition-subtraction operations and one scalar multiplication

13



(or six additions-subtractions and two multiplications). If char K = 2, then five
additions and one multiplication are sufficient.
From Lemma 4 it follows

Theorem 6. A DFT of order 3¢ can be implemented using at most (7/3)k3*
addition-subtraction operations and (k—1)3*+1 scalar multiplication operations.
In a ring of characteristic 2, the number of additive operations is estimated as
(5/3)k3F.

Proof. The stated estimates follow from the recurrence relations on the num-
bers F4(3%) of additive operations and F(3%) of scalar multiplication opera-
tions in the method of Lemma 4:

Fa(3%) =3F,(38 1) + 38 1F,(3),
Fo(3F) =3Fc(3F 1) + 3" 1 F(3) +2- 371 —2

and the initial conditions: F(3) = 1, F4(3) = 7 in the general case or F4(3) =
5 for a ring of characteristic 2. O

If a ring K does not contain primitive roots of sufficiently large or-
der 3%, but 3 is invertible, then we can consider the extension Ks,(z) =
K[z]/(z*3" + %" +1), in which x is a primitive root of order 371,

In the ring K3, (), addition (subtraction) is performed in 2 - 3" addition
(subtraction) operations in K, and the complexity of multiplication by =™ de-
pends on m:

Lemma 9. The complexity of multiplication by ™ up to a factor of £1 in
the ring Ks ,(x) is |m| subtraction operations in K if —3" < m < 3", and 3"
subtraction operations, otherwise (i.e., if 3" < m < 2-3™).

Proof. Let 0 < m < 3". Write a polynomial f(z) € Ks,(x) as
a(x)z?3" =™ + b(x), where dega < m and degh < 2-3" — m. In the ring
K3 (), the equality

f(x)z™ = b(x)2z™ — a(z) — a(z)z®”

holds, from which it is clear that, not counting multiplications by —1, computing
the coefficients of the product requires m subtractions in K.
In the case —3" < m < 0, write f(z) = b(z)x~" + a(z). Then, due to

f(@)z™ = b(x) — a(z)z*3" — a(x)z®”

computing the coefficients of the polynomial also requires |m/| subtractions.
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Suppose 3" < m < 2-3™. Represent f(x) as a(x) +b(x)z?3" ™ + ¢(x)z ™™,
where dega < 2-3" —m, degb < 3", and degc < m — 3". Then computing
f(x)z™ requires 3" subtractions, since

f(x)z™ = a(z)z™ — b(x)x®" + c(x) — b(z).
O

Lemma 10. Any of the transforms DFT3 [Ks ()] (70, (' 71, (©272), where
¢ = 2%, c1,c0 € {0, 1,2}, can be performed in 13 - 3" addition-subtraction
operations in K or in 10 - 3™ addition operations if char K = 2.

Proof. Despite the nine possibilities for choosing the parameters cq,co,
actually it is sufficient to consider three cases, for example, (c1,c2) €
{(0, 0), (0, 1), (1, 1)}. The components of any other transform are obtained by
permuting the components of one of the three listed.

Consider the case ¢; = ¢5 = 0, in which the transform is a usual DFT of
order 3. Represent y; € K3 () as a;(z) 423" b;(x), where a;, b; are polynomials
of degree less than 3™, i =0, 1, 2. Then formulas (5) can be rewritten as

Yo = (ap + a1 + ag) + 2" (bo + by + by),
'yi‘ = (ao — ag — (bl — bg)) + Z‘gn(bo — by +a; — ag),
'y; = (ao —ai; +b — bz) + £U3n(b() — by — (a1 — ag)).

If we represent 73 as
Vs =ag —az + ((by — ba) — (a1 — a2)) + 2% (bo — b1 + (b1 — b2) — (a1 — a2))),

then it becomes clear that all three components of ¥ can be calculated in
13 addition-subtraction operations with polynomials of degree at most 3™ — 1.
In a ring of characteristic 2, the formulas for v} take the form
’)/8 = (ao +a; + a2) + aisn(bo + by + bg),

71‘ = (ao +as + by + b2) +$3n(b0 + b1 +aq —i—(],g)7

'y; = (CLO + a1 + b1 + bg) +.’E3n(b0 +b2 “+ a1 +a2).
If we write

v =7 + (a1 +az) + 2 (b1 + by),

then it is easy to verify that to compute the components v we can do with
10 additions of polynomials of degree at most 3™ — 1.
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The other two cases are treated similarly. For example, the components of
the transform parameterized by ¢; = co = 1 have the form

(CLQ — by — bg) + l‘gn(bo — (b1 —ag + by — al)),
(CLQ —ay +by — ag) + l‘gn (bo + by — al),

(CLQ +a; —as + bg) + 3?3"(190 + b — ag),
from which it is clear that they can be calculated in 13 addition-subtraction
operations of polynomials of degree at most 3™ — 1. The remaining cases for
verification are left to the reader. O

Lemma 11. A DFT of order 3* over the ring K3 (), where k < n + 1, can
be implemented using at most 4.5k3"* addition-subtraction operations in K,
and in the case char K =2 — at most 3.5k3" % addition operations.

Proof. The implementation of a DFT of order 3**!, if we apply Lemma 4
with the choice of parameters S = 3 and T = 3F, is reduced to performing
3% DFTs of order 3, three DFTs of order 3 and multiplications by %" ¢,
where j =1,2and t =1,...,3* — 1.

Let m = ¢3™ +m/, where ¢ € Z and |m/| < 3"/2. Then, instead of multi-
plying by ™, we will multiply by :cm/, transferring the multiplication by 23"
inside an outer DFT of order 3. Since the inputs of any of the outer DFTs are
of the form v(q) 4, xlﬁy(l)’t, .’I]m’}/(g))t, where [ = 3"~*t < 3", then when reducing
to multiplications by xm/, the outer DFT is replaced by one of the transforms
of Lemma 10.

In the group of multiplications under consideration, multiplications by each
of the powers z™ , m' = 3" ¢, t = —(3F —1)/2,...,(3% — 1)/2, are performed
twice, since

{2tmod 3% |t =1,...,3F —1} = {1,...,3" - 1}.

Counting the complexity of each such multiplication as |m/|, the complexity of
all these multiplications is estimated as

3

k_q

’ 3% —1
4.3m7F N =gt

t=1

2

addition-subtraction operations in K.
Thus, for the complexity F,(3%*1) of the constructed circuit, we have the
recurrence relation

F, (31 < 3F,(3%) 4+ 3FF,(3) + 37" /2,
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which, under the initial conditions F,(3) = 13-3™ (or F,,(3) = 10- 3" for a ring
of characteristic 2), is resolved as stated in the assertion of the lemma. O

Lemma 12. Multiplication in the ring Ks1(x) can be accomplished in
30 addition-subtraction operations and 27 multiplication operations in K.

Proof. Represent polynomials A(z), B(z) € Ks1(z) to be multiplied as
A(z) = Ai(z)z® + Ao, B(z) = Bi(z)z® + By, where deg A;, B; < 2. Com-
pute their product via the Karatsuba method:

AB = Alleﬁ + ((Al — Ao)(B() — Bl) + AlBl + A()Bo)l'?) + AoBQ.

We denote C = (A1 — Ao)(B() - Bl) = Clx?’ + Co, D = AgBy = D1£L'3 + Dy,
E = A1B1 = E1.1‘3 + Eo, where degC’o,DO,Eo < 2 and degC’l,Dl,El < 1.
Then in the ring K3 1(z), i.e. modulo 2 + 23 + 1, the following relation takes
place:

AB=FE2°4+(C+D+E)x* + D= (C+D)x*+ (D - E) =
= ((D0—01)+CO—El)xg—f—((DQ—Cl)—Eo—Dl) :G1$3+G0.

The products C, D, E of polynomials of degree at most 2 are performed
in a straightforward manner in 9 multiplications and 4 additions each. The
remaining calculations are performed in 18 addition-subtraction operations: six
of them are used to compute A; — Ay, By — B1, and 12 — to compute the linear
combinations Gy, G1. O

Theorem 7. Multiplication in the ring Kg,(x) can be performed using
13.5-3"n(logy n+ O(1)) addition-subtraction operations, at most 3"+2.2[og271
multiplication operations, and O(3"™) scalar multiplication operations in K.
In the case of a ring of characteristic 2, the additive complexity is at most
10.5 - 3"n(logy m + O(1)).

Proof. The proof of the theorem is similar to that of Theorem 5. For n > 2,
represent the ring K3 ,,(x) as an extension of the ring Ks ,,,(y) (an analogue of
Lemma 8 holds):

K. (7) 2 Ksm(y)a]/(@® " —y)
and choose m = [n/2]. As in the binary case, the multiplication of polynomials
over K3 ,,(y) modulo 23" — y may be performed as the usual multiplication
of polynomials of degree at most 3"~ — 1 with subsequent modulo reduction.

Unlike the binary case (due to the absence of a DFT of order 2 - 3"~™),
six DFTs of order 3"~ = 3L7/2] are employed for multiplication: three DFTs
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are used in the usual way to compute the product modulo :;c3n7m — 1, and the
other three are used to compute the product modulo 23" " — 3" ", where
a =y m0d27 which reduces to the substitution x = az and computing the

product modulo 22" — 1. Indeed,
(f(z) mod (2" — o)) |s=as= f(az) mod (2 —1).

The execution of any of the transforms ¢ = az and z = z/« is performed in
the ring K3 ,(x) by O(3"~™) operations of multiplication by powers of y in
the ring K3, (y), i.e., in just O(3") additive operations in K, if we perform
computations up to a factor of +1.

The reconstruction of a polynomial f(z) € K3 ,,(y)[z] of degree no greater
than 2N —2 from its remainders f; and f, from division by ¥ —1 and 2~ —a,
respectively, can be performed by the formula

f@) = —— (@ = Dfa = @Y =a™)f1).
Moreover, for N = 3"~ due to a* + o +1 = 0, the factor (o —1)7!is
equal to —37!(av + 2). It is clear that the described procedure for recovering
a polynomial can also be performed in O(3"~™) additions-subtractions and
multiplications by powers of y in the ring K3 ,,(y), i-e., in just O(3™) additions-
subtractions in K.

Reduction of a polynomial of degree less than 2- modulo 23" —y also
costs O(3"~™) addition-subtraction operations and multiplications by powers
of y in the ring Ks ., (y), that is, O(3™) additive operations in K.

For the numbers p4(n) of additions-subtractions and ppr(n) of nonscalar
multiplications in this circuit for n > 2 we obtain the following recurrence
relations:

3n—m

pa(n) <2372 4([n/2]) + 6 Fpn oy (31772)) + O(3™),
v (n) <2320 (Tn/2),

where the value Fpy,/9) is determined from Lemma 11. These relations are
resolved as promised in the statement of the theorem if for n = 1 we apply the
estimates of Lemma 12. O

Note that the method of Theorem 5 provides an asymptotic estimate
3N log, N log, log, N for the complexity of polynomial multiplication of to-
tal degree at most N — 1, where N = 2% and the method of Theorem 7
in the case of a ring of characteristic 2 and N = 2-3* — a close estimate
3.32N log, N log, logy V.
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Remark. Multiplication of binary trinomials can be performed via 6 multipli-
cations and 12 additions-subtractions. Therefore, the estimates for the number
of multiplications in Lemma 12 and, consequently, in Theorem 7 can be reduced
by 1.5 times at the cost of some increase in the number of additive operations.

7. Conclusion

The multiplication strategy in the case 27!,37! ¢ K is indicated by the
Cantor—Kaltofen method [4]. By the method of Theorems 5 and 7, only replac-
ing the inverse transforms DFT]_\,)lC with non-normalized transforms DFT y (-1,
compute the “almost products”

2V fg =2 fgmod (2" +1), 3V fg =3 fgmod (297 + 29" +1)

for suitable n;, N; € N, where f, g are polynomials being multiplied. Then,
the product fg can be obtained as ¢2™ fg + 5372 fg, where ¢, s are Bezout
coefficients from the equality ¢2V* + s3™2 = 1.

However, the relevance of developing fast multiplication algorithms over such
rather exotic rings seems insignificant for now.
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a, program “Leading scientific schools”, project NSh—4470.2008.1, and the fun-
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