
Òåìà 6.2. Àðèôìåòèêà ÷èñåë. Ëîãàðèôì è

ýêñïîíåíòà.

Ñ. Á. Ãàøêîâ, È. Ñ. Ñåðãååâ

1 Àðèôìåòèêî-ãåîìåòðè÷åñêîå ñðåäíåå

Ïóñòü a, b ≥ 0. Ïîëîæèì a0 = a, b0 = b è ïðè ëþáîì k ≥ 1 ïîëîæèì
ak = ak−1+bk−1

2
è bk =

√
ak−1bk−1. Àðèôìåòèêî-ãåîìåòðè÷åñêèì ñðåäíèì

÷èñåë a è b íàçûâàåòñÿ ïðåäåë ââåäåííûõ ïîñëåäîâàòåëüíîñòåé:

ÀÃÑ(a, b) = lim
k→∞

ak = lim
k→∞

bk.

Ïîñëåäîâàòåëüíîñòè {ak} è {bk} ñõîäÿòñÿ ê ïðåäåëó î÷åíü áûñòðî:
ðàçíîñòü ak−bk ñòàíîâèòñÿ âåëè÷èíîé ïîðÿäêà 2−n ïðè k ≈ log2(n log2 |a−
b|). Áîëåå òî÷íî ñêîðîñòü ñõîäèìîñòè îïèñûâàåòñÿ ñëåäóþùåé ëåììîé.
Äëÿ óäîáñòâà âñþäó äàëåå áóäåì ñ÷èòàòü, ÷òî a ≥ b.

Ëåììà 1. Ïóñòü 1 ≤ a
b
≤ 1 + 22

m
. Òîãäà

à) an
bn
≤ 1 + 22

m−n
;

á) ïðè n ≥ m ñïðàâåäëèâî an
bn
≤ 1 + 23−2

n+1−m
.

Äîêàçàòåëüñòâî. Äîêàæåì ï. à) èíäóêöèåé ïî n. Ïðè n = 0 ñîîòíîøå-
íèå ãàðàíòèðóåòñÿ óñëîâèåì ëåììû. Èíäóêòèâíûé ïåðåõîä äîêàçûâàåò
âûêëàäêà:

an+1

bn+1

=
1

2

(√
an
bn

+

√
bn
an

)
≤
√
an
bn
≤
√

1 + 22m−n < 1 + 22
m−n−1

.

Òàêæå èíäóêöèåé äîêàæåì ï. á). Ïðè n = m èìååì ÷àñòíûé ñëó÷àé
ï. à). Ïîëîæèì an

bn
= 1 + ε, òîãäà(

an+1

bn+1

)2

=

(√
1 + ε+ 1√

1+ε

2

)2

=
1 + ε+ 2 + 1

1+ε

4
≤ 4 + ε2

4
≤
(
1 +

ε2

8

)2
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â ñèëó ñîîòíîøåíèÿ 1
1+ε
≤ 1− ε + ε2. Ñëåäîâàòåëüíî, an+1

bn+1
≤ 1 + ε2

8
, à èç

ε ≤ 23−2
n+1−m

ñëåäóåò ε2

8
≤ 23−2

n+2−m
. Ëåììà äîêàçàíà.

2 Ýëëèïòè÷åñêèå èíòåãðàëû. Òåîðåìà Ãàóññà

Ïðè a, b > 0 îïðåäåëèì íåñîáñòâåííûé èíòåãðàë

I(a, b) =

∫ +∞

0

dx√
(x2 + a2)(x2 + b2)

,

îòíîñÿùèéñÿ ê ñåìåéñòâó ýëëèïòè÷åñêèõ èíòåãðàëîâ. Ñïðàâåäëèâà

Òåîðåìà 1 (Ãàóññ).

I(a, b) =
π

2ÀÃÑ(a, b)
.

Òåîðåìà âûòåêàåò èç ñëåäóþùèõ äâóõ ëåìì.

Ëåììà 2. Ïðè a ≥ b
π

2a
≤ I(a, b) ≤ π

2b
.

Äîêàçàòåëüñòâî. Î÷åâèäíî I(a, a) ≤ I(a, b) ≤ I(b, b). Îñòàåòñÿ çàìåòèòü,
÷òî

I(a, a) =

∫ +∞

0

dx

x2 + a2
=

1

a

∫ +∞

0

dy

y2 + 1
=

1

a
arctg y

∣∣∣∣+∞
0

=
π

2a
.

Ëåììà 3.

I(a, b) = I

(
a+ b

2
,
√
ab

)
.

Äîêàçàòåëüñòâî. Ïóñòü u = 1
2

(
x− ab

x

)
. Çàìåòèì, ÷òî

(x2 + a2)(x2 + b2) = x2(a+ b)2 + (x2 − ab)2 = 4x2

(
u2 +

(
a+ b

2

)2
)
.

Êðîìå òîãî,

x du =
x

2

(
1 +

ab

x2

)
dx =

1

2

(
x+

ab

x

)
dx =

√
u2 + ab dx.
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Òîãäà

I(a, b) =
1

2

∫ +∞

0

dx

x
√
u2 +

(
a+b
2

)2 =
1

2

∫ +∞

−∞

du√(
u2 +

(
a+b
2

)2)
(u2 + ab)

=

=

∫ +∞

0

du√(
u2 +

(
a+b
2

)2)
(u2 + ab)

= I

(
a+ b

2
,
√
ab

)
.

Äàëåå íàì ïîíàäîáèòñÿ åùå îäíà ïðîñòàÿ ëåììà:

Ëåììà 4.

I(1, b) = 2

∫ √b
0

dx√
(x2 + 1)(x2 + b2)

.

Äîêàçàòåëüñòâî.∫ +∞

√
b

dx√
(x2 + 1)(x2 + b2)

=

∫ 0

√
b

−bdu
u2
√

((b/u)2 + 1)(b/u)2 + b2)
=

=

∫ √b
0

du√
(u2 + b2)(u2 + 1)

.

Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ êëþ÷åâîé � îíà óñòàíàâëèâàåò ñâÿçü
ìåæäó ýëëèïòè÷åñêèìè èíòåãðàëàìè è ëîãàðèôìè÷åñêîé ôóíêöèåé.

Ëåììà 5. Åñëè b ∈ (0, 1], òî

0 ≤ I(1, b)− (2 + b2/2) ln

(√
1

b
+

√
1 +

1

b

)
+

1

2
b
√
1 + b ≤ 1

5
b3/2.

Äîêàçàòåëüñòâî. À) Äëÿ íà÷àëà íàì ïîíàäîáÿòñÿ ïðîñòûå ñîîòíîøåíèÿ:
ïðè α ≥ 0

1− α

2
≤ 1√

1 + α
≤ 1− α

2
+
α2

2
.

Ëåâîå íåðàâåíñòâî âåðíî â ñèëó òîãî, ÷òî ïðè α ≤ 2:

(1−α/2)2(1+α) = (1−α+α2/4)(1+α) = 1−α2+
α2

4
(1+α) = 1+

α2

4
(α−3) ≤ 1.

3



Ïðàâîå íåðàâåíñòâî ñëåäóåò èç

(1− α/2 + α2/2)2 = 1− α + α2 +
1

4
(α− α2)2 ≥ 1− α + α2 ≥ 1

1 + α
.

Á) Âûïèøåì ïðîèçâîäíûå äëÿ ñëåäóþùèõ ôóíêöèé:

ln
(
x+
√
x2 + b2

)′
=

1√
x2 + b2

,
(
x
√
x2 + b2

)′
=

2x2 + b2√
x2 + b2

.

Â) Íèæíÿÿ îöåíêà ëåììû äîêàçûâàåòñÿ êàê

I(1, b) = 2

∫ √b
0

dx√
(x2 + 1)(x2 + b2)

≥
∫ √b
0

2− x2√
x2 + b2

dx =

=

∫ √b
0

2 + b2/2√
x2 + b2

dx−
∫ √b
0

x2 + b2/2√
x2 + b2

dx =

= (2 + b2/2) ln
(
x+
√
x2 + b2

)∣∣∣√b
0
− x

2

√
x2 + b2

∣∣∣√b
0

=

= (2 + b2/2) ln

(√
b+
√
b+ b2

b

)
− 1

2
b
√
1 + b.

Ã) Âåðõíÿÿ îöåíêà ñëåäóåò èç öåïî÷êè íåðàâåíñòâ:

∫ √b
0

1√
(x2 + b2)

(
2√

x2 + 1
− (2− x2)

)
dx ≤

≤
∫ √b
0

1√
(x2 + b2)

x4dx ≤ 1

b

∫ √b
0

x4dx =
1

5
b3/2.

Ëåììà äîêàçàíà.
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3 Àëãîðèòì Áðåíòà�Ñàëàìèíà

Ïóñòü äàíî ÷èñëî X, è òðåáóåòñÿ âû÷èñëèòü lnX ñ òî÷íîñòüþ 2−2N . Îá-
ùóþ ñõåìó âû÷èñëåíèé îïèñûâàåò äèàãðàììà:

X −→ 2nX = X0 ∈ [2N+1, 2N+2) −→

−→ b =

(
2X0

X2
0 − 1

)2

, X0 =
√

1/b+
√

1 + 1/b −→

−→ ÀÃÑ(1, b) −→ I(1, b) =
π

2ÀÃÑ(1, b)
−→

−→ lnX0 ≈ I(1, b)/2 −→ lnX = lnX0 − n ln 2.

Ïðåäâàðèòåëüíî äîìíîæåíèåì íà ïîäõîäÿùóþ ñòåïåíü äâîéêè âõîä
àëãîðèòìà ïðèâîäèòñÿ ê èíòåðâàëó X0 ∈ [2N+1, 2N+2). Ýòî ãàðàíòèðóåò
äîñòàòî÷íóþ ìàëîñòü ïàðàìåòðà b, òàêîãî, ÷òî X0 =

√
1/b +

√
1 + 1/b.

À èìåííî, b ≤ 2−2N . Òîãäà, ñîãëàñíî ëåììå 5, lnX0 = I(1, b)/2 + b/4 + ε.

Ïðè ýòîì ε ïî àáñîëþòíîé âåëè÷èíå ìîæíî îöåíèòü ñâåðõó êàê b3/2

10
+ b2

8
+

b2

4
lnX0. Åñëè N ≥ 2, òî ε ≤ b

(
1

5·2N+1 +
1

22N+3 +
N+2
22N+2

)
≤ b/4, ñëåäîâàòåëü-

íî, | lnX0 − I(1, b)/2| ≤ b/2.
Ïîìèìî âû÷èñëåíèÿ ÀÃÑ, àëãîðèòì ñîäåðæèò íåñêîëüêî àääèòèâ-

íûõ îïåðàöèé, èíâåðòèðîâàíèé è óìíîæåíèé, â òîì ÷èñëå óìíîæåíèé
íà êîíñòàíòû π è ln 2, êîòîðûå òîæå íóæäàþòñÿ â âû÷èñëåíèè. Â äåé-
ñòâèòåëüíîñòè ýòè êîíñòàíòû óæå âû÷èñëåíû ñ òî÷íîñòüþ, ïî ìåíüøåé
ìåðå, äî íåñêîëüêèõ ìèëëèîíîâ çíàêîâ � è ýòîãî äîñòàòî÷íî äëÿ ëþáûõ
ïðàêòè÷åñêèõ âû÷èñëåíèé. Èíà÷å, äëÿ âû÷èñëåíèÿ óêàçàííûõ (è ìíî-
ãèõ äðóãèõ) êîíñòàíò ñ òî÷íîñòüþ 2−n èçâåñòíû àëãîðèòìû ñëîæíîñòè
O(log n)M(n), èõ ìû îñòàâèì çà ñêîáêàìè.

Ïîòðåáóåì, ÷òîáû èíòåãðàë I(1, b) áûë âû÷èñëåí ñ òî÷íîñòüþ b/2. Òî-
ãäà òî÷íîñòü, ñ êîòîðîé âû÷èñëÿåòñÿ lnX0 îöåíèâàåòñÿ êàê 3b/4 è, ïðè
íàäëåæàùåé òî÷íîñòè çàêëþ÷èòåëüíîãî âû÷èòàíèÿ òî÷íîñòü âû÷èñëå-
íèÿ lnX ìîæåò áûòü îöåíåíà êàê b.

Îöåíèì òî÷íîñòü ε, ñ êîòîðîé íàäî âû÷èñëèòü ÀÃÑ(1, b), ÷òîáû îáåñ-
ïå÷èòü òî÷íîñòü b/2 äëÿ I(1, b). Äëÿ ýòîãî ñ òî÷íîñòüþ b íàäî âû÷èñ-
ëèòü îòíîøåíèå π/ÀÃÑ(1, b) (äåëåíèå íà 2 âûïîëíÿåòñÿ òî÷íî è ïðè
ýòîì âäâîå óìåíüøàåòñÿ ïîãðåøíîñòü). Òàê êàê íåêîòîðûé çàïàñ òî÷-
íîñòè (ñêàæåì, b/2) íóæíî îñòàâèòü äëÿ èíâåðòèðîâàíèÿ è óìíîæåíèÿ
íà π, òî ïðèáëèæåííîå ê ÀÃÑ çíà÷åíèå ÀÃÑ∗ äîëæíî óäîâëåòâîðÿòü
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ñîîòíîøåíèþ |π/ÀÃÑ∗− π/ÀÃÑ(1, b)| ≤ b/2. Ýòî ïîçâîëÿåò âûïèñàòü ñî-
îòíîøåíèå äëÿ ε âèäà∣∣∣∣ π

ÀÃÑ(1, b)− ε
− π

ÀÃÑ(1, b)

∣∣∣∣ ≤ b/2.

Íåñëîæíî ïîëó÷èòü îöåíêó ε ≤ b(ÀÃÑ(1, b)/π)2. Òàêèì îáðàçîì, ìîæíî
ïîëîæèòü ε = 2−2N−2 log2 N−c0 ïðè ïîäõîäÿùåé êîíñòàíòå c0.

4 Òî÷íîñòü âû÷èñëåíèÿ ÀÃÑ

Ñëåäóåò ó÷åñòü, ÷òî âûïîëíÿåìûå â õîäå àëãîðèòìà äåéñòâèÿ äàþò ïðè-
áëèæåííûé ðåçóëüòàò (â ñëó÷àå êâàäðàòíîãî êîðíÿ, ýòî â ïðèíöèïå íåèç-
áåæíî). Îöåíèì ðîñò àáñîëþòíîé ïîãðåøíîñòè ïðè âû÷èñëåíèè ÀÃÑ.
Ïóñòü â äåéñòâèòåëüíîñòè âìåñòî ïîñëåäîâàòåëüíîñòåé {ak} è {bk} âû-
÷èñëÿþòñÿ ïîñëåäîâàòåëüíîñòè {a′k = ak+e

a
k} è {b′k = bk+e

b
k}. Îáîçíà÷èì

ek = max{|eak|, |ebk|}. Ïóñòü EM è EQ îáîçíà÷àþò ïîãðåøíîñòü âûïîëíåíèÿ
óìíîæåíèÿ è âû÷èñëåíèÿ êâàäðàòíîãî êîðíÿ ñîîòâåòñòâåííî.

Ëåììà 6.

ek+1 ≤ 2
ak+1

bk+1

ek +
e2k
bk+1

+ EQ +
√
EM .

Äîêàçàòåëüñòâî. ßñíî, ÷òî ïîãðåøíîñòü, âîîáùå ãîâîðÿ, áîëüøå ïðè-
ðàñòàåò ïðè âû÷èñëåíèè bk.

|b′k+1 −
√
akbk| =

∣∣∣∣√a′kb
′
k + eMk + eQk −

√
akbk

∣∣∣∣ ≤
≤
∣∣∣∣√a′kb

′
k + eMk −

√
a′kb
′
k

∣∣∣∣+ ∣∣∣√a′kb
′
k −

√
akbk

∣∣∣+ EQ. (1)

Èñïîëüçóÿ íåðàâåíñòâî |
√
α + β−

√
α| ≤

√
|β|, ïåðâîå ñëàãàåìîå â ïðàâîé

÷àñòè (1) ìîæíî îöåíèòü êàê
√
EM .

Ïðè ïîìîùè íåðàâåíñòâà |
√
1 + ε− 1| ≤ |ε| âòîðîå ñëàãàåìîå â ïðàâîé
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÷àñòè (1) îöåíèì êàê∣∣∣∣√(ak + eak)(bk + ebk)−
√
akbk

∣∣∣∣ ≤
≤
√
b′k
∣∣√ak + eak −

√
ak
∣∣+√ak ∣∣∣∣√bk + ebk −

√
bk

∣∣∣∣ ≤
≤

√
b′k
ak
ek+

√
ak
bk
ek = 2

ak+1

bk+1

ek+ek

√
bk
ak

(√
b′k/bk − 1

)
≤ 2

ak+1

bk+1

ek+
e2k
bk+1

.

Ëåììà äîêàçàíà.
Ïîäáèðàÿ ïàðàìåòðû EQ ≤ ek/3, EM ≤ e2k/9 è, òàê êàê ìîæíî ïîëà-

ãàòü (ïðè íàäëåæàùåì âûáîðå e0) 3ek ≤ bk+1, òî èìååì ek+1 ≤
(
2ak+1

bk+1
+ 1
)
ek

è, êàê ñëåäñòâèå,

ek ≤ (2ak/bk + 1)(2ak−1/bk−1 + 1) · . . . · (2a1/b1 + 1)e0.

Â íàøåì ñëó÷àå

a0/b0 = 1/b =

(
X2

0 − 1

2X0

)2

≤
(
22N+4 − 1

2N+3

)2

< 22N+2 < 1 + 22
1+dlog2(N+1)e

.

Ïóñòü m = dlog2(N + 1)e + 1. Òîãäà ïðè ïîìîùè ëåììû 1 ïðè k ≤ m −
1 ìîæíî îöåíèòü 2ak/bk + 1 êàê 3 + 22

m−k+1 < 22
m−k+2. À ïðè k ≥ m

óêàçàííîå âûðàæåíèå îöåíèì êàê 2am/bm + 1 ≤ 2(1 + 2) + 1 < 23. Òåïåðü
ïðè k = L+m− 1 ïîëó÷àåì

ek ≤ 2(2
m−1+2)+...+(21+2)+3Le0 < 22

m+2m+3Le0.

5 Ñëîæíîñòü àëãîðèòìà

Îöåíèì ÷èñëî èòåðàöèé äëÿ âû÷èñëåíèÿ ÀÃÑ ñ íåîáõîäèìîé òî÷íîñòüþ.
Ïîñêîëüêó ñîãëàñíî ëåììå 1: ak − bk ≤ 23−2

k+1−m
bk, òî ïðè k ≥ 2m + c1

ïîãðåøíîñòü, ñ êîòîðîé ëþáîå èç ÷èñåë ak è bk ïðèáëèæàåò ÀÃÑ(1, b),
íå ïðåâîñõîäèò ε/2 = 2−2N−2 log2 N−c0−1. Âûáèðàÿ e0 â âèäå 2

−4N−7 log2 N−c2 ,
ïîëó÷àåì ek < ε/2 � ýòî îçíà÷àåò, ÷òî ïîãðåøíîñòü âû÷èñëåíèÿ ÀÃÑ â
àëãîðèòìå íå ïðåâîñõîäèò ε.
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Òàêèì îáðàçîì, ÀÃÑ âû÷èñëÿåòñÿ çà 2 log2N+O(1) èòåðàöèé, íà êàæ-
äîé èç êîòîðûõ âûïîëíÿåòñÿ óìíîæåíèå è èçâëå÷åíèå êîðíÿ ñ (4+o(1))N -
ðàçðÿäíûìè ÷èñëàìè. Ïîýòîìó îáùàÿ ñëîæíîñòü àëãîðèòìà ñîñòàâëÿåò
O(logN)M∗(N).

Çàìåòèì, ÷òî ÷èñëî b äîëæíî áûòü äàíî ñ òî÷íîñòüþ 2−(4+o(1))N , ñëå-
äîâàòåëüíî ÷èñëî X äîëæíî áûòü èçâåñòíî ñ òî÷íîñòüþ äî (2 + o(1))N
çíàêîâ.
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