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Áûñòðûé âàðèàíò àëãîðèòìà âû÷èñëåíèÿ n! áûë ïðåäëîæåí Ø�åíõàãå
îêîëî 1994 ã. � îí èìååò ñëîæíîñòü O(M(log n!)) = O(M(n log n)) è îñ-
íîâàí íà èäåå ¾äåëåíèÿ ïîïîëàì¿.

Îáîçíà÷èì ÷åðåç {pi} ïîñëåäîâàòåëüíîñòü ïðîñòûõ íàòóðàëüíûõ ÷è-
ñåë â ïîðÿäêå âîçðàñòàíèÿ. Èçâåñòíî, ÷òî ÷èñëî ïðîñòûõ ÷èñåë, íå ïðå-
âîñõîäÿùèõ n, ðàâíî π(n) ∼ n

lnn
(Àäàìàð, Âàëëå Ïóññåí).

Ìåòîä Ø�åíõàãå ñîñòîèò â âûïîëíåíèè ñëåäóþùèõ âû÷èñëåíèé â îá-
ðàòíîì ïîðÿäêå:

n! = 2kx0, x0 = x21y1, x1 = x22y2, x2 = x23y3, . . . , xs = 1,

ãäå yi ÿâëÿåòñÿ ïðîèçâåäåíèåì âñåõ ïðîñòûõ ìíîæèòåëåé, âõîäÿùèõ â
xi−1 â íå÷åòíîé ñòåïåíè, è ïîýòîìó xi ÿâëÿåòñÿ êâàäðàòîì; k � ñòåïåíü
âõîæäåíèÿ äâîéêè â n!. Íàïðèìåð,

21! = 218x0, x0 = 39 · 54 · 73 · 11 · 13 · 17 · 19,

x1 = 34 · 52 · 7, y1 = 3 · 7 · 11 · 13 · 17 · 19,

x2 = 32 · 5, y2 = 7.

x3 = 3, y3 = 5,

x4 = 1, y4 = 3.

Ïóñòü ei(N) � ñòåïåíü, â êîòîðîé ÷èñëî pi âõîäèò â N . Èçâåñòíî (è
ëåãêî ïðîâåðÿåòñÿ), ÷òî

ei(n!) = bn/pic+ bn/p2i c+ bn/p3i c+ . . . = bn/pic+ ei(bn/pic!). (1)

Ïðèíöèïèàëüíî âû÷èñëåíèå ôàêòîðèàëà ñîñòîèò èç òðåõ ýòàïîâ: (I)
ïîèñê ïðîñòûõ ÷èñåë pi ≤ n, (II) âû÷èñëåíèå ïîêàçàòåëåé ei(n!) è ei(yj),
(III) íåïîñðåäñòâåííîå âû÷èñëåíèå ôàêòîðèàëà ïðè ïîìîùè äåéñòâèé âè-
äà x2y.
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1 Ýòàï III

Ðàññìîòðèì òðåòèé ýòàï. Îöåíèì âåëè÷èíó ÷èñåë xi è yi.

Ëåììà 1. Ïóñòü n! < 22t. Òîãäà xi < 22t−i
è åñëè ïðîñòîå ÷èñëî p äåëèò

yi, òî p ≤ n/2i−2.

Äîêàçàòåëüñòâî. Ïåðâîå íåðàâåíñòâî ñëåäóåò èç ñîîòíîøåíèé x2i ≤ xi−1
è x0 ≤ n!. Äîêàæåì âòîðîå.

à) Åñëè p|yi, òî p|xi−1, p2|xi−2 è ò.ä. Îêîí÷àòåëüíî, p2
i−1|x0.

á) Çàìåòèì, ÷òî ei(n!) < n/pi +n/p2i + . . . = n/(pi− 1), îòêóäà ei(n!) ≤
n− 1.

â) Ñëåäîâàòåëüíî, åñëè pm|n!, òî p ≤ 2n/m. Äåéñòâèòåëüíî, åñëè pi >
2n/m, òî

ei(n!) = bn/pic+ ei(bn/pic!) ≤ 2bn/pic − 1 ≤ 2bm/2c − 1 < m.

ã) Ïîýòîìó èç à) ñëåäóåò, ÷òî p ≤ n/2i−2.
Îöåíèì ñëîæíîñòü âû÷èñëåíèÿ yj, åñëè äàíû ei(yj). Ñëîæíîñòü ïåðå-

ìíîæåíèÿ 2s ÷èñåë äëèíû b íå ïðåâîñõîäèò

2s−1M(b) + 2s−2M(2b) + . . .+M(2s−1b) = O(sM(2sb)).

Ïî ëåììå ÷èñëî yj ÿâëÿåòñÿ ïðîèçâåäåíèåì íå áîëåå ÷åì π(n/2j−2) (ïðî-
ñòûõ) ÷èñåë äëèíû log2 n, ñëåäîâàòåëüíî, âû÷èñëÿåòñÿ ñî ñëîæíîñòüþ
O(M(n/2j) log n).

×èñëî xj−1, åñëè äàíû ÷èñëà xj è yj âû÷èñëÿåòñÿ ñî ñëîæíîñòüþ
O(M(2t−j)), ò.ê. ÷èñëî xj ñîãëàñíî ëåììå èìååò äëèíó íå áîëåå 2t−j, à
yj � íå áîëåå, ÷åì xj−1, ò.å. 2t−j+1.

Ñóììèðóÿ ñëîæíîñòü âû÷èñëåíèÿ yj è xj−1 ïî âñåì j è ó÷èòûâàÿ, ÷òî
2t = O(n log n), ïîëó÷àåì äëÿ ñëîæíîñòè ýòàïà III îöåíêó

log2 n∑
j=0

O(M(n/2j) log n+M(2t/2j)) = O(M(n) log n+M(2t)) = O(M(n log n)).

2 Ýòàï II

Çàìåòèì, ÷òî äîñòàòî÷íî âû÷èñëèòü òîëüêî íàáîð ïîêàçàòåëåé ei(n!), ò.ê.
äëÿ ëþáîãî j ïîêàçàòåëü ei(yj) ñîâïàäàåò ñ (j−1)-ì ðàçðÿäîì ÷èñëà ei(n!)
(íóìåðàöèÿ ñ íóëÿ). Äåéñòâèòåëüíî, ïî ïîñòðîåíèþ:

ei(n!) = ei(y1) + 2ei(y2) + . . .+ 2s−1ei(ys).
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Ïðè êàæäîì i ïîêàçàòåëü ei(n!) âû÷èñëÿåòñÿ ïî ôîðìóëå (1) çàO(log n)
äåëåíèé è ñëîæåíèé log n-ðàçðÿäíûõ ÷èñåë, ò.å. ñî ñëîæíîñòüþO(M(log n) log n).
Îáùàÿ ñëîæíîñòü, ñëåäîâàòåëüíî, íå ïðåâîñõîäèò π(n)O(M(log n) log n) =
O(nM(log n)).

3 Ýòàï I

Åñëè âû÷èñëåíèÿ âûïîëíÿþòñÿ ñõåìîé èç ôóíêöèîíàëüíûõ ýëåìåíòîâ,
òî âñå íåîáõîäèìûå ïðîñòûå ÷èñëà pi ñëåäóåò ñ÷èòàòü èçâåñòíûìè çà-
ðàíåå. Îäíàêî ïðè ïðîãðàììíîé ðåàëèçàöèè öåëåñîîáðàçíî ðàññìîòðåòü
ñëó÷àé, êîãäà ýòè ïðîñòûå ÷èñëà òîæå äîëæíû áûòü âû÷èñëåíû.

Äàëåå ìû áåç äîêàçàòåëüñòâà áóäåì èñïîëüçîâàòü èçâåñòíîå ñîîòíî-
øåíèå

ln lnn <
∑
i≤π(n)

1

pi
< ln lnn+ C,

ñïðàâåäëèâîå ïðè ëþáîì n ≥ 2.
Ïóñòü íàì äàíû ïðîñòûå ÷èñëà, íå ïðåâîñõîäÿùèå

√
n. Òîãäà îñòàëü-

íûå ïðîñòûå ÷èñëà â èíòåðâàëå [
√
n, n] ìîãóò áûòü íàéäåíû ìåòîäîì

¾ðåøåòà Ýðàòîñôåíà¿. Äëÿ ýòîãî ïîñëåäîâàòåëüíûìè ñëîæåíèÿìè âû-
÷èñëÿþòñÿ ïîñëåäîâàòåëüíîñòè

pi, 2pi, . . . , mipi,

òàêèå, ÷òî mi = bn/pic. Âñåãî ýòè ïîñëåäîâàòåëüíîñòè ñîñòîÿò íå áîëåå
÷åì èç n

∑
i≤π(

√
n)

1
pi

= Θ(n log log n) ÷èñåë. Òàêèì îáðàçîì, ñëîæíîñòü èõ

âû÷èñëåíèÿ ñîñòàâëÿåò O(n log n log log n).
Çàìåòèì, ÷òî äâà óïîðÿäî÷åííûõ íàáîðà äëèíû k è l ìîãóò áûòü

ñîåäèíåíû â îäèí óïîðÿäî÷åííûé íàáîð íå áîëåå ÷åì çà k + l − 1 îïåðà-
öèé ñðàâíåíèÿ ýëåìåíòîâ ïîñëåäîâàòåëüíîñòåé. Êàê ñëåäñòâèå, íàáîð èç
m óïîðÿäî÷åííûõ íàáîðîâ ñóììàðíîé äëèíû N ìîæíî óïîðÿäî÷èòü çà
O(N logm) îïåðàöèé ñðàâíåíèÿ, åñëè ïðîâîäèòü ïîïàðíûå îáúåäèíåíèÿ
â áèíàðíîì äåðåâå. Îïåðàöèÿ ñðàâíåíèÿ ÷èñåë äëèíû b èìååò ñëîæíîñòü
O(b).

Ðàçîáüåì èñõîäíûå ïîñëåäîâàòåëüíîñòè íà ãðóïïû: â j-é ãðóïïå �
ïîñëåäîâàòåëüíîñòè, ñîîòâåòñòâóþùèå ÷èñëàì pi, π(n2−1−j

) < i ≤ π(n2−j
),

ãäå 1 ≤ j < log2 log2 n.
Ïî ïîñòðîåíèþ, j-ÿ ãðóïïà ñîñòîèò èç

n
∑

π(n2−1−j
)<i≤π(n2−j

)

1

pi
= nΘ(log(2−j/2−1−j)) = O(n)
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÷èñåë. Ïðè ýòîì â j-é ãðóïïå íå áîëåå π(n2−j
) < n2−j

ïîñëåäîâàòåëüíî-
ñòåé.

Òàêèì îáðàçîì, ñëîæíîñòü óïîðÿäî÷èâàíèÿ ÷èñåë â j-é ãðóïïå ìîæ-
íî îöåíèòü êàê O(n log n2−j

) = 2−jO(n log n) îïåðàöèé ñðàâíåíèÿ log2 n-
ðàçðÿäíûõ ÷èñåë, ò.å. 2−jO(n log2 n). Ñóììàðíàÿ ñëîæíîñòü óïîðÿäî÷è-
âàíèé ïî âñåì ãðóïïàì ñëåäîâàòåëüíî îöåíèâàåòñÿ êàê O(n log2 n).

Ïîëó÷åííûå log2 log2 n óïîðÿäî÷åííûõ íàáîðîâ äëèíû íå áîëåå n óïî-
ðÿäî÷èâàþòñÿ çà log2 log2 n îïåðàöèé îáúåäèíåíèÿ, ïðè ýòîì äëèíà âñåõ
ïðîìåæóòî÷íûõ óïîðÿäî÷åííûõ íàáîðîâ íå ïðåâîñõîäèò n � ñëîæíîñòü
ýòîãî øàãà O(n log n log log n).

Åñëè îáîçíà÷èòü ÷åðåç P (n) ñëîæíîñòü ãåíåðàöèè ïîñëåäîâàòåëüíî-
ñòè ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ n, òî ïîëó÷åíî ñîîòíîøåíèå

P (n) ≤ P (
√
n) +O(n log2 n),

îòêóäà ñëåäóåò P (n) = O(n log2 n).
Îêîí÷àòåëüíî äëÿ ñëîæíîñòè ïðîãðàììíîé ðåàëèçàöèè âû÷èñëåíèÿ

n! ïîëó÷àåì îöåíêó O(M(n log n) + n log2 n).
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