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[Linear circuits

— e O = O
= o O O
—_ == O O
— e O = O

p;i; = {number of paths connecting x; and y;}

SUM:  (Zso, +) Ali, j] = piy
OR: (B, V) Ali, jl = (pij > 1)

== 0 = O

XOR: (B, @) Ali, j] = pi,j mod 2




/ Asymptotic complexity bounds

O.B. Lupanov  E.I. Nechiporuk

2 2

" Ly(n) ~ L(n) ~ 5o

Ly(n)

- logn 2logn

(1956) (1963)
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An upper bound via rank

Pavel Pudlak Vojtéch Rodl
rk(A) - n
logn

(1994)

Ly(A) <1k(A) -n, L3(A) =




Complexity of the recursively defined dmatrices

Ag. — _fl(An) fQ(An)-

_fS(An) f4(An)

fi(A)e{0,1, A A}

SUM(A) j_n logn

Intersections matrix:

KQZ{O 1] K, —

), ik SN ik

oo oo

rky(K) = logn

e e ) N

(K, 1
Kon = [K K]




ylvester-Hadamard matrices

James Sylvster Jacques Hadamard

_Hn i :

H, = [0} . H, = .

S o
0 1

rke(H) = logn [det H*| = 2(n/4)™/?



ower bounds via determinant

Jacques Morgenstern V.V. Kochergin

SUM(A) > 3logs | det(A)
(1973, 2009)

2
(4) > dn|det(A)|n

SUM(H) < nlogn, SUMd(H)xdnHz
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/ ower bounds via rigidity

Rigidity:
Rig4 (r) = min{|B| : tk(A & B) < r}

Leslie aliant

1 RigA(r)2f2£n), s<r=<t
—  XORy(A) > 2f(n)In -
S



Complexity of the-full triar

. Rigr (r) > (1 — 0(1))%7

XORy(T) < nlogn

T

Ashok Steven Richard M.I. Grinchuk
Chandra Fortune Lipton



~—— Lower bound via the independent set
cardinality

.
Georges Hansel = R.E. Krichevskiil

AVA' = F = ORy(4) >nlogn (1964)

ORy(T') ~ nlogn
ORy(K) ~ nlogn

Tamas Tarjan



Lower bounds via matrix weight

(k,1)-thin matrix:
does not contain size k x |
rectangles (i.e. all-1 submatrices)

(1964)
I. A — (k+1,l+1)-thin matrix —
A A
R(A) > L Ry(A) >
ORA) =717 02()_max{k,l}

* this final form of results is due to N. Pippenger (1980)



Lower bounds via matrix Welght (2)

r(A) — maximal area
of a rectangle in
the matrix A

D.Yu. Grigoriev
34| \A| d)A| (|A|)”d
> @ o, ORad) 2 Ten | T8
(1976)
OR(H) =< nlogn ORy(H) = dn'*1/

OR(A) >
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Martin Kneser Waclaw Sierpinski
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Lower bounds for block matrices

)

: ‘@L
S.N. Selezneva ©°2" Boyar MagHXS F(;lnd
(2012) L € {SUM, OR} M = B C

L(M) > L(A) + L(C) + rk(B)
Ly(M) > Ly(A) + L2(C) + tr(B)
SUM(D) = OR(D) ~ (1/2)nlog n



mbinatorial methods

Mauricio
Noga Alon  garchmer
dist(A) = n’;ﬁln |Ae; — Aej

1]
XORy(A) = dist(A)

(1990) log n

| log logn

log n

A" B dist(B)=n, XORy(B)x=n
Andrew Drucker (2011)

v/ bl

' loglogn



Wolfgang Maass

m-Ramsey matrix: does not contain
monochromatic (all-o or all-1) rectangles of size m x m

o A — n°~-Ramsey matrix, ¢ < 1

—> XOR,(A) > nlogn

(1990)
XORy(H) < nlogn



e (1101 0 0 0
0110100

0011010
S;=10 00 1 1 01
1000110

01 000171

1 01 00 01

t

Szabo

(1996) Ni,jl= (i —aj) =" =1), € GF(q)
N — (t,t! + 1)-thin matrix, |N|=¢**"!

Janos Kollar Lajos Ronyai  Tibor




e

OR/XOR separations
OR(S)/XOR(S) &= — V"

o logn . 90(log™ n)

OR(N)/XOR(N) = pl=o®

S.B. Gakov (2010-2014)
ORy(H) /XORy (H) = 13/;

T. 4 — random n x n-submatrix of H,»

S

XOR;(A) = XORy(4) ~ log’n

(2006)

—




~ " Lower bounds for Kronecker products

)
25 |

of |
M.Find, M.Goos, M.Jarvisalo, P.Kaski, M.Koivisto, J.Korhonen

T. A — (k+1,1+ 1)-thin matrix —
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PF—SsuM / OR separatlons

2

I;(B®A) <tk(B)-n? L¢(B® A) <rk(B) - 107;
T
M=FE/,m®A/7rm, A — random matrix
SUM (M) /OR(M) > \/f
log“n
(2013)

b e ORQ(B) =N, SUMQ(B) ~ nlogn
Trevor Pinto



- OR-complexity of the complement matrix

1k (2012)
(i) A — 2-thin matrix,

[A| = nbl rk(A4) < logn

Nets

(i) A — log n-thin matrix,
Al < n?, ORy(A) < nloan
OR(A)/OR(A) = {5 ORy(4)/ORy(A) =
Explicit bounds: ORA) _ 1-00) ORo(A) | 1/2-01)

OR(A) [15.14] ORy(4) ~




- SUM-complexity of the complement matrix

Kazuyuki Amano Manami Shigeta

A: AVAT =F, 1k A= nt/2el)
(2015)

M=A®B, B — random matrix
SUM(M)/SUM(M) > nt/4=o()
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' e e o AN
//Open pI‘OblemS (stated for nxn matrices)
- nonlinear lower bounds on XOR-complexity

- SUM-complexity of the matrix K: n < SUM(K) < nlogn
- depth-2 complexity of the matrix D:
nl16 < ORy(D) < SUMy (D) < nt28

OR5 (D) < nld7 D. Chistikov, Sz. Ivan, A. Lubiw,
J. Shallit (2015)

- verify the rank conjecture: L(A ® B) > rk(A)-L(B) ?
- does it hold that for a matrix A, XOR(4)/OR(A) — oo ?
- construct a matrix A such that SUM,(A)/SUM,(A) — oo

- investigate L,/L separations:

OR,(A) XOR,(B) 0.3

OR(A) = Vnlogn,  Sap i

‘J813—17‘




