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Definitions

Linear map Arithmetic circuit
y=A-z Xp 3 3
1 1 —1
A=12 2 0 &
1 2 —1
- : @
basis B={z+y,x—y,2z} ’
2

complexity Lg(A) =14

Examples of linear bases:
- addition basis {r+y}
- full linear basis Bs = {ax +by | a,b € R}



Simple properties of the complexity

1. Lp(A; x Ay) < Lg(Ay) + Lp(As)

2. Lp(A) > Lg(any submatrix of A)

3. A:[*‘(‘; jQ] = Lp(A) < Ly(Ay) + Ly(As)

for a monotone B: Lg(A) = Lp(A;) + Lg(As)

4. Transposition principle. For m x n matrix A:

Lp(A) ~ Lp(A7)] = O(m +n)



Determinant lower bound

Theorem.
Be ={z +y}U{azx | |a| < C}

LBC (A) > logmaX{Q,C} ‘detA‘

J. Morgenstern '19/3



Sylvester-Hadamard matrices

1 —1 H —H,
[1]) H2 - |:1 1 :| , H2n - |:Hn Hn :|

H,

Fact. detH, = n™?

1
= Ly (Hy) ~ Lp,(Hy) ~ §n10g2n



Pascal (binomial) matrix. |

i Cy B sus 0
c_| @ oo
Co Coa -0 CT4

Pascal's rule: C*1 = CF1 + C*



Pascal (binomial) matrix. 11

Fact 1. Matrix C. has a submatrix M
- with determinant of order |

T

C i for a constant ¢>1.
= Lg,(C,) = ©(n?)

Fact 2.

0

=

0
% )

x A7L

C,, = A X

1 1 A 5
L (n—1)! (n—2)! 0! |

A = diag(0! 1!, ..., (n— 1))
= L _(C,) =0(nlogn) Gashkov’'2014




Mod2 binomial matrix =
Disjointness matrix =
Sierpinski matrix

1 0 0 0]
1 0 1 1 0 0 D, 0
i = D= B [ 2B
. L 1}’ =g @ 1 Gl2 ™= {Dn DJ
11 1 1

1
L{w+y}(Dn) ™~ LBz(Dn) ™~ 5

S.N. Selezneva; J. Boyar, M.G. Find ‘2012

n log, n

== LB>0(On) — Q(’I’I, logn)a
B.o={ax +by | a,b > 0}



Stirling matrices
Sn ZH Sﬁq, Hogk,m<n, Sn :H S,’; HO§I~:,m<n

s¥ - kind I Stirling numbers
S¥ - kind Il Stirling numbers

sk =L —(k-1)s¥1  SF =851 L mSEt
sg =Sy =1, sk=s)=8'=5=0, k>0




Evaluation, interpolation matrices

Fact 1. Matrices s, and |s,| have submatrices

with determinants of order 2@(”2 logn)
Gashkov '2014

= Lp,(spn) X Lizr,n(8n) = @(n2 logn),
LBz(|3nD = L{m+y}(|5n’) — @(n2 logn)

Vandermonde matrixV : Vo = |E™|o<km<n
Fact 2. detv, = Hk' = 00(n*logn)

Fact 3. v, = C ><A><ST

= Lp, (Vn) = L{m—l—y}(vn) — @(n log n),
Lg_(V,), Lg_(Sn), Le._(s,) = O(n log” n)

Gashkov '2014



N.T. Auxiliary matrices
D = diag(1,...,n), f(D)=diag(f(1),...,f(n))
Division matrix E:  F|i, k] = (k

u(i). ko
0, k1t

Mobius matrix M:  M|i, k] = {

Mobius inversion formula: M = E!

Facts:

)’ ] D NLm . D)) ~1 9 ] +O
B,(f(D)) ~ Liz1yy(f(D)) ~ log Ef(%) (n)A_ Brauer 1929

Liz1p(E) = O(nloglogn), Ligip(M) =0 (n\/log n)




GCD matrix
GCD =|| ged(s, k) ||

Fact. GCD = E x ¢(D) x E*

¢(x) - Euler totient function
H. Smith ‘1875

= log, detGCD ~ nlog, n
Theorem. Gashkov, Sergeev ‘2015

LBZ(GCD) 5 L{ery}(GCD) o~ n10g2 n
‘L{miy}(GCD) — L{miy}(qﬁ(D))‘ =0 (n\/ 10g n)



LCM matrix
LCM =|| lem(z, k) |

ocd(z, k) - lem(i, k) = ik
= LCM=DxE xJ_1(D)x E"xD
J.(k)y=k" ]| (1-p7") - Jordan function

peP, plk

= log,detLCM ~ 2nlog, n

Theorem. Gashkov, Sergeev ‘2015

LCM = E x¢(core(D))x xUxpu*(D)xE"xD

0 () - Hoore(i) = core()
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