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Symmetric boolean functions:

flzy, 29, ... xy) =g(z1 + 22+ ...+ 24).

SYM, — class of symmetric boolean functions of n variables

THR = (z1+ ...+ z, > k) — threshold-k monotone symmetric function
MAJ, = THRE/ > ma jority function of n variables

SORT, = (THR!, THR?, ..., THR") — boolean sorting operator

CNT, = (z1+ ...+ z,) — n-input counting operator

MOD" = (z1+ ...+ 2, = r mod m) — elementary periodic function

MOD™ = (MOD™Y, MOD™! ... MOD™™=1) — counting operator modulo m



f(X) e SYM, : x 2 Y = CONT, (X) O(n/ logn)

FAs — a circuit summing 3 bits Cp,(FA3) =5, Cu(FA3) =7
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F Ay Yogyn S1 Ca‘rry
Cp,(SYM,) < 5n+o(n), Cu(SYM,)<Tn+o(n) (folklore)
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CB2(SYMH) < 4.5n + o(n) (Demenkov E., Kojevnikov A., Kulikov A.S., Yaroslavtsev G., 2010)

1 XT3 z1Pxo L1 Xy X3 Ty Ty Teg L7 A B i B

L AL ki

MDFA ~ MDFA — ... — MDFA —W
o V[
MDFA —
Y1 Yo
Y1by2 MDFA, \ \ / /

| il
Lower bounds: MDFA Yog,

Cp,(SYM,) > 2.5n — O(1) (L. J. Stockmeyer, 1977)  f = MODF*,
Cu, (SYM,)) > 4n — O(1) (U. Zwick, 1991) 3<k=0(1)
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MOD}*) = 2.5n — O(1) (L. J. Stockmeyer, 1977)

MOD*) < 5n — O(1) (U. Zwick, 1991)

MOD,%*) <3n—0(1) (KKY, 2009; D. E. Knuth, 2015; A. Kulikov, N. Slezkin, 2021)
Cu, (MOD?*) < (4.5 — 25"%)n + o(n) (DKKY, 2010), k>3

Cp,(THRY) > 2n + min{k,n — k} — O(1) (L. J. Stockmeyer, 1977)

Cp, (THRF) < (4.5 —2P)n+o(n), 20"1< k<2  follows from (DKKY, 2010)
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Monotone complexity:

Cpy, (SORTH) = @(n log n) (E.A. Lamagna, 1975; M. Ajtai, J. Komlés, E. Szemerédi, 1983)
Cp,, (THR?) = 2n + ©(y/n) (B. M. Kloss, 1965; L. Adleman, 1970-¢; L. S. Sergeev, 2020)

Cg,, (THR?) = 3n + O(logn) — O(1) (I. S. Sergeev, 2020)

Cg,, (THR*) > 3n 4+ min{k,n —k} — O(1) (P. E. Dunne, 1984; I. S. Sergeev, 2020)
Cp,, (THRF) < (6 +o(1))nlogzn (Jimbo S., Maruoka A., 1996)

Cp,, (THRY) < (|logy k| + [logy(4k/3)|)n +or(n) (I S. Sergeev, 2020), k < n
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T N
(k,l)-compressor:  (Xq,...,Xg) — (Y1,... le X, = Zé:l Y.
Potential method:
p(v) = A\ — potential

of a vertex v on depth d.

Claim. For an appropriate A,

>, p(v) does not decrease
while adding compressors.

carry \
For a (3, 2)-compressor on fig.:
AR 1.2056 4~ NP+ N2 = A+ 2 |

Corol. D(n — 2) > logy(n/2) ~ 3.71logy n
Formula complexity

Y

Potential of a formula F: (L(F"))* for an appropriate ’
D(CNT,) < log,n+ O(1), L(CNT,) < nl/r+ol)
(M. Paterson, N. Pippenger, U. Zwick, 1990-92)
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General method (I. S. Sergeev, 2016)

O=21+Ty+...+T,
o mod 2 o mod 3 o' o —o| <T

compressor method ternary Valiant’s method for

compressor method function approximations
l THRY | j=1.u

base 3 — base 3” /

mod. arithm. cascade method

¥ ¥
CNT, f e SYM,

Lz, | La, D5 D,
CNT,, | n>M | n2* | 4.14log,n | 3.02]logy n
SYM,, | n*% | n®% | 4.24log,n | 3.10logy n

\%
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IIl. Complexity and depth of formula

Lower bounds:
Lg, (SYM,) = Q(n?), Lg,(THR:)> k(n—k-+1) (V. M. Khrapchenko, 1971)
Ls,(SYM,) = Q(nlogn) (Fischer M. J., Meyer A. R., Paterson M. S., 1982)

Lz(SYM,) = Q(nlogn), B — complete basis, (D. Yu. Cherukhin, 2000)
Bounds for threshold functions:

Lg, (THR?) = n|logy n| + 2(n — 282"} (R. E. Krichevskii, 1964; S. A. Lozhkin, 2005)
Lz, (THRF) < k*?®nlogn (L. Valiant, 1984; R. Boppana, 1985)

L, (THRF) > |k/2|nlog(n/k), k< n/2 (J. Radhakrishnan, 1997)

Upper bounds for MOD'":

n

m L3, L, Dg, D3,

3 | n?% [Lup65| | n® [FMPS2] |2.80logyn [Sergl6] 2logs n [McColl77]

5 | n3* [Sergl6] | n*® [Sergl6] | 3.351log, n [Sergl6] | 3 log, n, follows from [VL87]
7 | n303 [Sergl6] | n?? [VL87| |3.87logy n [Sergl6) 2.93logy n [Sergl6]

(O.B. Lupanov, 1965; W. McColl, 1977; FMP,1982; D.C. van Leijenhorst, 1987; 1. S. Sergeev, 2016)
Lg,(MOD?) < n(logn)*, Lg(MODY) < n°®Lg(MODP)  (FMP, 1982)
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I1l. Complexity and depth of formula

Formulae for periodic functions:

MOD;,, (X) = \ioy MOD*(X1Y) - MODI"—(X?), X = (X', X?)

ni+ns i
MOD}},,,(X) = N (MODg#(X1) v MOD ™ (x2))

Lg, (MOD™) < nltlog.m (O. B. Lupanov, 1965)

MOD}; %, (X) = NiZ)' (MOD (XT) ~ MODy =+ (X?))

n1+no-

Lg, (MOD™) < pi*leem=1{ (W, F. McColl, 1977)

T

New formulae:
MOD™5 = (3" x; mod m € S)
MOD™ (X) = \/,, MOD-4+(X1) - MOD!™-Br (X?).

2 L ol ||t
Example: m =5, |S| =4 / LU e ()
MOD3S(X) = \/}._, MOD>4(X") - MOD3P+(X?). EnidlinE
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K(MOD™) < 2mn (C. E. Shannon, 1938)
MOD") = 2s,,n — O(1), for constant m (M. L Grinchuk, 1987)

~

$m — sum of primary divisors of m)

(
(
(
(SYM,) < (2 +o0(1))n?/logy n (O. B. Lupanov, 1965)
(
(

~

K
K

) = nloglog log"n (M. L. Grinchuk, 1989; A. A. Razborov, 1990)

SYM,
1 i
THRE) < o6 (R. K. Sinha, J. S. Thathachar, 1997)

K(MOD™*) < f—glglg—g’jl (R. K. Sinha, J. S. Thathachar, 1997)

Monotone switching circuits

K+(THR’“) > k(n—k+1) (A. A. Markov, 1962)

THR?) = n|logyn| + 2(n — 2l0s27]) (R. E. Krichevskii; G. Hansel, 1964)
THR*) < k3%nlogn (M. Dubiner, U. Zwick, 1992)

THR" ') = nlogloglogn (M. M. Halldérsson, J. Radh-n, K. V. Subrahmanyam, 1993)
THR’“) = knlog(n/k), k <n/2 (J. Radhakrishnan, 1997)
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